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Abstract

In this Master thesis we introduce the theory of (¢, I")-modules which establishes
an equivalence between Galois representations of the absolute Galois group of a local
field K and a class of modules equipped with certain semi-linear actions. We then
follow [Her98] to give an explicit construction of a complex calculating the Galois
cohomology groups of Z,-representation using (¢, I')-modules. To emphasize the ex-
plicitness of the new description of Galois cohomology we give proofs of the local
Euler characteristic formula and local Tate duality following [Her98] and [Her01].
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Chapter 1

Introduction

Let K be a finite extension of Q, and fix an algebraic closure Q, = K. We are
naturally interested in the structure of the absolute Galois group G = Gal(K/K).
An approach to studying the absolute Galois group of a local field is through its
representations, i.e., Z,-modules with continuous linear G k-actions, and their Galois

cohomology.

If we let K, denote the maximal p-th cyclotomic extension. We obtain the fol-

lowing tower of extensions.

The cyclotomic character x : Gk — Z; identifies I'c with an open subgroup of Z.

Fontaine-Wintenberger’s theory from [FW79] of the field of norms allows us to con-
struct an isomorphism between Hy and the absolute Galois group of a characteristic
p field denoted by Ex. For a Z,-representation of Hy, we can encode the Hy-action
into the information of a module over a Cohen ring Ax of Ex with a semi-linear
Frobenius action which we call a p-module. In [Fon07], Fontaine introduced the the-
ory of (¢, 'k )-modules which allows us to pass from the theory of Z,-representations
of Gk to certain modules over A with semi-linear Frobenius action and residual

I'k-action. The more complicated module structure allows for rather explicit and
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simple descriptions of the Frobenius and I' x-action.

In chapter 2 we briefly review the basics of Galois representations and group
cohomology, in particular its description using a cochain complex and as a derived
functor. Then we turn to the study of the aforementioned (i, I )-modules in Chapter
3. We introduce the field of norms Eg, Fontaine’s period rings A g and Bx and the
Frobenius and Gf-action on them. For the case K = Q,, the ring Ag, takes the

simple form

Ag, = {Z anm : ayn € Zp, ap — 0 for n - —oo}
nez
where we can think of 7 as a formal variable. We can then define the category
of (¢, T'k)-modules as finitely generated A g-modules with semi-linear Frobenius and
I'k-action. We will call a (p, 'k )-module étale if the image of the Frobenius generates
the module over A .

Theorem 1.0.1 ([Fon07], 3.4.3). There is an equivalence of categories

{Z,-representations of Gk} +—— {étale (¢,'x)-modules over Ag}.

via the functor V — D(V) = (A ®z, V)Hx.

Given the equivalence of categories it is a natural question to ask how Galois coho-
mology translates into the category of (¢, 'k )-modules. In [Her98], Herr introduced
a very explicit complex of (¢, 'k )-modules, whose cohomology is precisely the Galois
cohomology of the corresponding Galois representation. In chapter 4 we prove the fol-
lowing theorem using Grothendieck’s theorem, stating that every effeacable d-functor

is universal.

Theorem 1.0.2 ([Her00], Theorem 4). Let V' be a p-torsion representation of G
and M = D(V) the corresponding (¢, I'r)-module. Let C2 (M) denote the follow

complex

0 M Mo M M 0
r ——— ((p— Dz, (v — 1))
(z,y) ——— (v =Dz — (¢ -1y

Then the cohomology groups H* (C3,,(M)) of this complex coincide with the Galois
cohomology groups H(Gx, V).

This description of Galois cohomology allows us to regard Galois cohomology
purely on the side of (¢, 'k )-modules. The complex C¢ (M) gives us very explicit
descriptions of the cohomology groups using which we prove the following two classical
results in Galois cohomology only using the theory of (¢, I' i )-modules. The two proofs
follow [Her98] and [Her01].
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Theorem 1.0.3 ([Her98], Theorem B). Let V be a p-torsion representation of G .
Then H(Gg,V) are finite and
_ #HYGK, V) #H*(Gk,V) _ (k0,00

where ((V) is the length of V' (as a Z,-module).

Theorem 1.0.4 ([Her98], Theorem C). Let V be a p-torsion representation of G g
and let V*(1) = Hom(V, ptpos). Then there is a canonical isomorphism

HQ(GKaﬂpx) = Qp/Zy.
Further, for 0 < i < 2, the cup-product
H'(Gg,V) x H*7 Gk, V(1)) — H* Gk, pp=) = Qy/Zy

is a perfect pairing.
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Preliminaries

2.1 Group cohomology
In this section, we recall the definition of group cohomology which is an important
tool to study Galois representations.

Definition 2.1.1. Let G be a group. A G-module M is an abelian group together

with a map

GxM-—M

(g,m) — gm

such that for g,¢’ € G, m,m' ¢ M
(i) glm +m') = gm + gm/
(ii) (gg")ym = g(¢’m) and 1gm = m.

We write Modg for the category of G-modules, the morphisms being G-equivariant

group homomorphisms.

If G and M are topological groups, we are mostly concerned with so-called topological
G-modules. In this thesis, we are mostly interested in the case where G and M are

profinite groups.

Definition 2.1.2. Let G be a profinite group equipped with the profinite topology.
A topological G-module M is a topological group M with a G-action, such that

GxM-—M

(g, m) —> gm
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is continuous. If M is finite, we equip M with the discrete topology.

We call a G-module M discrete if the G-action is continuous with respect to the
discrete topology on M. We denote the category of discrete G-modules of G by
Moddcgscrete.

Definition 2.1.3. Let G be a finite or profinite group and M a topological G-module.
For n > 1, let C™(G, M) denote the set of all continuous maps G™ — M, and set
C%G, M) = M. We define coboundary maps

d" . C™(G, M) — C" (M)
@ f)(g15-- s gns1) = 91f (92, - gnt1) + Z(*l)if(gla c 5 Giit 155 1)
i=1

+(=D" f (g1, 9n)

We define the r-th continuous cohomology group HZ, . (G, M) to be the r-th coho-

mology group of the cochain complex
0 1 2
oG, M) L NG M) L G M) s L

In other words for

Z" (G, M) = ker(d") r-cocycles
B"(G,M) = im(d" ") r-coboundaries
we define
Z"(G,M)

Hgont(G7 M) = m

Remark 2.1.4. Note that if the action of G on M is trivial, then a 1-cocycle is just
a group homomorphism G — M and all 1-coboundaries are trivial. We therefore

have
HY(G, M) = Homeon (G, M).

For a G-module M let M% = {m € M | gm = m for all g € G} be the group of
invariants under G. We then obtain the left exact functor

MOdG — Ab
M — MC.

If we are in a nice enough category, for example the category of abstract G-modules
for G a finite group we can show that the cohomology groups we just defined are in
fact the r-th right derived functors of the functor M +— M. This structure of the
cohomology functor will be very useful later. However, to ensure the existence of
these derived functors, we need the category to have enough injectives. This is not
the case for the category of topological G-modules for G a profinite group, but in the
following we will show it is true for the category of discrete G-modules.

9
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Lemma 2.1.5 ([NSW13], Proposition 1.1.8). Let G be a profinite group and let M

be a G-module. Then the following conditions are equivalent

(i) M is discrete.
(ii) For every m € M the subgroup Gm := {g € G | g(m) = m} is open.

(iii) M =|JMVY, where U runs through the open subgroups of G.
Note that if G is finite this means that any G-module is discrete.

Proof. 1. (i) = (i) Let m € M. By restriction we have a continuous function
Gx{m}—M

where the preimage of the open set {m} is Gm = {g € G | g(m) = m}.
Therefore it is open by continuity.

2. (ii) = (4ii) Let m € M then Gm is open and thus m € M&™ C |J MY, where
U runs through the open subgroups of G.

3. (i) = (i) Let (g9,m) € G x M. To show continuity, we find a neighbourhood of
(g,m) that maps to the set {g(m)}. Indeed, if m € MY for an open subgroup
U of G, then we have that the open set gU x {m} maps to {g(m)}. O

Proposition 2.1.6 ([NSW13], Lemma 2.6.5). Let G be a profinite group. The cate-

gory ModJ*e™**® has enough injectives.

Proof. We use the fact that the category of abstract G-modules without taking the
topology of GG into account has enough injectives since it is equivalent to the category
of Z|G]-modules, where Z[G] is the group ring. For an abstract G-module M let

Mdiscrete — U MU

where U runs through all open subgroups of G. Using Lemma 2.1.5 we see that
Mdiserete ¢ Noddiserete  Now let M € Mod3* ™™ and let I be an injective object in
Modg with a G-monomorphism f : M < I. Since f is G-equivariant we have that
f(MY) c IV for all open subgroups U C G. Therefore, if M is discrete, f factors
through I9iserete Tt remains to show that I9¢7% is an injective object of Mod&serete,
For M, N € Mod&*"** and a monomorphism M < N we get since I is injective as

an abstract G-module
M —— N

J{ .
-
-
L
79

k

1

but once again, since N is discrete, g must factor through Idiscrete, O

10
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Definition 2.1.7. Let G be a finite group or a profinite group. Let M be a discrete
G-module. We define the i-th cohomology group of G with coefficients in M as the

i-th right derived functor of M — M. In particular, for an injective resolution in

the category ModdGiscrete

0 M—10 Ly

we obtain the complex

-1 0
04— (1% L (1NY¢ — ..

and

ker(d*)

HY(G,M) = (@)

Proposition 2.1.8 ([Mil20], Proposition 1.17). The cohomology groups calculated
by the continuous cochain complex and the derived functors coincide for discrete

G-modules for G profinite or finite, i.e. there is a canonical isomorphism
Héont(GaM) = HZ(G7 M)

From now on, we will therefore simply write H*(G, M) for both continuous cohomol-

ogy and the derived functors.

Remark 2.1.9. A property that follows from the cohomology groups being the i-th
right derived functors of M — MY is that a short exact sequence

0— M —M-—M'—0

of G-modules induces a long exact sequence
0 — HY(G,M') — H°(G, M) — H(G,M") -2 HY(G, M) — H (G, M) — ...

We also obtain a long exact sequence of continuous cohomology using the cochain
complex for topological G-modules which we can show directly using homological

algebra.

As discussed, it is very useful to view the cohomology groups as derived functors.
If M is a topological profinite G-module given as the inverse limit of finite, discrete

G-modules M,, we can calculate the cohomology of M using the cohomology of M,,.

Definition 2.1.10. We say an inverse system (A;, fi;) satisfies the Mittag-Leffler
condition if for every k there exists a j > k such that for all ¢ > j,

fri(Aj) = fri(As).

11
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Remark 2.1.11. We can think of a system satisfying the Mittag-Leffler conditions
as the transition maps being surjective. In fact, one can show that we can rewrite any
system satisfying the Mittag-Leffler conditions as a system with surjective transition
maps with same inverse limit. Further, we can show that any inverse system of finite
abelian groups satisfies the Mittag-Lefler conditions.

Proposition 2.1.12 ([Lan05], Proposition 10.3). Assume that (4,) is an inverse
system satisfying the Mittag-Leffler conditions. Given an exact sequence

0— (A,) — (B,) — (C,) — 0

then

O—>£1_An—>£1_Bn—>¥1_Cn—>0

is exact.

Proposition 2.1.13 ([NSW13], Corollary 2.7.6). Let G be profinite and M a compact
G-module such that

M = lim M,,
neN

i.e., M is the inverse limit of countably many finite, discrete G-modules. If H(G, M,,)
satisfy the Mittag-Leffler condition, we get an isomorphism

HY (G,M) = @H%G, M,,).
Proof. Since we have
M = 1&1 M,
where M,, are finite G-modules equipped with the discrete topology. By ([NSW13],

§7 2.7.5) we have a short exact sequence
0 — lim'H'" (G, M,) — H'(G, M) — lim H'(G, M,,) — 0.

Since H'(G, M,,) with the induced transition maps on cohomology groups satisfy
the Mittag-Leffler conditions for all i € N, by ([NSW13], §7 2.7.4) we have that
l'&ani(G, M,,) =0 for all i € N and thus we get an isomorphism

H(G, M) = lim H' (G, M,). O

We end the section by introducing the pairing known as the cup-product.

Proposition 2.1.14 ([Mil20], Proposition 1.38). There exists one and only one family
of bi-additive pairings

U: H"(G, M) x H*(G,N) — H"*5(G, M @z N)

(m,n) — mUn
defined for all G-modules M, N and all integers r, s satisfying the following conditions:

12
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(i) These maps become morphisms of functors when the two sides are regarded as

covariant bifunctors on (M, N).

(ii) For r = s = 0, the pairing is
MY x N9 — (M @z N)¢
(m,n) — men
(i) f 0 - M’ - M — M" — 0 is an exact sequence of G-modules such that
0-M®@;N->Mez;N—->M' ®; N0
is exact, then
(dm")Un =8§(m” Un), m” € H (G,M"), n € H*(G,N)

where ¢ denotes the connecting homomorphism from the long exact sequence of

cohomology.
(iv) If 0 - N = N — N” — 0 is an exact sequence of G-modules such that
0> M®zN - Mz N—Mez,N" =0
is exact, then

mUdn = (=1)"8(muUn"), m € H"(G,M), n" € H*(G,N").
For explicit cocycles ¢ and ¢ for m and n, m Un is represented by the cocycle

(915 Gras) = &(G15 -, 9r) @ g1 Grh(Gra1s -+ s Gras)-

Proposition 2.1.15 ([Mil20], Proposition 1.39). We have for z € H"(G, M) and
y € H*(G, M)
zUy = (=1)"(yUx).

if we identify M ®z N and N ®z M.

2.2 Galois representations

Let G be a group. In our case, G will always be a profinite absolute Galois group of
a local field K.

Definition 2.2.1. An F,-representation V' of G is a finite-dimensional F,-vector

space V equipped with a linear G-action, i.e. with a group homomorphism
p: G — GL(V).

13
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We sometimes call an IF,-representation of G' a mod p representation.

Similarly, a Z,-representation V' of G is a finitely generated Z,-module V' equipped
with a linear G-action. We call a Z,-representation of G a free if V' is a free Z,-module.

Lastly, a Qp-representation V' of G is a finite-dimensional Q,-vector space V
equipped with a linear G-action. We also call a Qp-representation of G' a p-adic

representation.

We denote the categories of ), Z, or Q,-representations of G by Repr(G)7
Repy, (G) or Repg (G).

If G is a topological group, we always require the G-action to be continuous, i.e. that
the function

GxV —V
(g,v) — p(g)(v)

is continuous. Instead of p(g)(v) we typically write g(v).

Remark 2.2.2. In this thesis, we require all representations to be finitely generated.
However, we can of course also consider infinitely generated modules with a linear

G-action, which are precisely Z,[G]-modules, where Z,[G] is the group ring.

Remark 2.2.3. Note that V carries the topology of a F, or QQ,-vector space, or a
finitely generated Z,-module. For a given choice of generators eq,...,eq, a basis of

open sets will be given by Uye; + - - - + Ugeq, for U; open sets in F,,, Q, or Z,.

Proposition 2.2.4. Let G be a profinite group. Every p-adic representation V' of G

contains a G stable Z,-lattice (i.e., a finitely generated Z,-module that generates V'

over Q).

Proof. Choose any Q, basis e1,...,eq of V and let L be the Z,-span of that basis.
We claim that
A={g9€eGlg(L)CL}

is an open subgroup of G. Indeed, since the action is continuous and A is the preimage
of the subgroup H := {f € GL(V) | f(L) C L} of GL(V), it suffices to show
H is open. If we identify GL(V) with GL(Q,) via the basis e1,...,eq, a system
of neighbourhoods of the identity is given by id + p"Mat,(Z,). Now for f € H,
any matrix in g € f 4+ p"Mat,,(Z,) will still satisfy g(L) C L since L is a Z,-lattice.
Therefore, H is open and thus A is an open subgroup of G. Since G is a profinite group,
any open subgroup is of finite index, and we can choose representatives g1, ..., g, of
the cosets in G/H and define

T= Zg,(L)

14
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Then T is still a Zy-lattice. Further, T' is stable under G since for any h € T,
h(T) =37, (hg;)(L), but by definition of H there is a g; such that g;lhgi(L) CcL,
i.e. hg;(L) C g;(L). We deduce that h(T) C T. O

Definition 2.2.5. We call a Zj-representation of G a p-torsion representation if
there exists an n € N such that p™ -V = 0. We denote the category of p-torsion
representations of G by Rep,,_i,(G). It is a subcategory of Repy, (G).

Example 2.2.6. 1. The simplest case of a Galois representation is the trivial rep-
resentation given by a rank one Z,-module (or Q,-vector space) with trivial

Galois action.

2. Let L be a finite Galois extension of Q,. Then L is a finite dimensional Q,-vector

space with Q,-linear Galois action of Gal(L/Q,), i.e. a p-adic representation of

Gal(L/Qp).

3. For G a profinite group, all free rank one Z,, representations are given by char-

acters 6 : G — Zj,

for all g € G. We investigate an important example of this for Gx = Gal(K/K)

i.e. arank one Z,-module with basis v, s.t. g(v) = §(g)v

the absolute Galois group of some finite extension K of Q,. We define Z,(1)
to be the free rank one Z,-representation given by the cyclotomic character
X : Gk — Z;, which satisfies g((,:) = (;(,-(g)i for all g € G and (pi € pipe. In
fact we have that

Zp(1) = ]glﬂp"
where 11, denotes the group of p"-th roots of unity, equipped with the structure
of a p-torsion Z,-representation with a¢ = (* for o € Z, and ¢ € pp~» and the

obvious G k-action.

For many results it is very useful to work with the category of p-torsion repre-
sentations instead of with Z,-representations. However, since we want to regard Ga-
lois cohomology later, it is unfortunate that the category Repp_tor(G) does not have

enough injectives. We introduce a slightly larger category that has enough injectives.

Definition 2.2.7. We denote by Repﬁfig?m(G) the category of (not necessarily

finitely generated) Z,-modules with Z,-linear G-action that are discrete G-modules.

Proposition 2.2.8. Let G be a profinite group. The category Repiiigrrete(G) has

enough injectives.

Proof. Completely analogous to Proposition 2.1.6 we can prove that the category of
discrete G'g-modules with Z,-linear action, denoted by Rep%i:“ete(G), has enough
injectives. Thus, for an element V € Repgfig‘;Ete(G), let I be an injective element in
Rep%i;"ete(G) with monomorphism V' < I and let I7*" be the p-torsion part of I.

Since the image of any p-torsion module under a homomorphism must be p-torsion we

15
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find that the monomorphism V < I factors through IP*°* and IP*°" is an injective

element in Repgfigfte (G). O

discrete

otor (Gx) consists precisely of elements that

Proposition 2.2.9. The category Rep
can be written as direct limits of elements of Rep,, ., (Gx)-

Proof. Recall that we defined Rep,, ., (Gk) to be the category of finitely generated
p-torsion modules with Z,-linear Gx-action. Let V € Repﬁfigiete((}' k) and let (fi)ier
be a generating system of V. For J C I let V; be the Z,[Gk]-submodule generated
by (ei)ics. If J is finite, then V; € Rep,, ,,(Gk). Via inclusion maps we obtain a
directed system (V) jcr1 finite, where each V carries the discrete topology. Since V' is
discrete we can see that the direct limit is precisely V. On the other hand, any direct

limit of finite representations is discrete. O

2.3 Some results from Galois cohomology

For this part, we want to state some theorems of group cohomology for G a finite or

profinite Galois group.

The first important theorem is usually known as Hilbert 90.

Theorem 2.3.1 ([Mil20], Proposition 1.22). Let K C L be a finite Galois extension
with Galois group G. Then HY(G, L*) = 0.

The next theorem is called the Euler-Characteristic formula.

Theorem 2.3.2 ([ISO1], II.5, Theorem 5). Let K be a finite extension of Q, and
Gk its absolute Galois group. Let V' be a p-torsion Z,-representation of Gg. Then
HY(Gg,V) are finite and

#H (G, V) -#H?*(Gg,V) — p Q1Y)

(V)= HH(Cr,V)

where ¢(V) denotes the length of V' as a Z,-module.

Taking the inverse limit yields:

Corollary 2.3.3. Let K be a finite extension of Q, and G its absolute Galois group.
Let V be a free Z,-representation of Gx. Then H' (G, V) are finitely generated and

x(V) :=rank H*(Gg,V) — rank H'(Gg,V) + rank H*(Gg,V) = —[K : Q,Jrank V
where rank denotes the rank as a Z,-module.
The following theorem resembles Poincaré-duality and is usually called Tate-duality.

16
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Theorem 2.3.4 ([IS01], IL.5, Theorem 2). Let K be a finite Galois extension of Q,
and G its absolute Galois group. Further, let p,~ denote the group of all p-th
power roots of unity, with the obvious G g-action. Let V be a p-torsion representa-
tion of Gx and let V*(1) = Hom(V, tipe=). Then there is a canonical isomorphism
H?(Gg, pip=) = Q,/Z, and for 0 < i < 2, the cup-product

HY (G, V) x H* Gk, V*(1)) — H* (G, ppe) = Q,/Z,
is a perfect pairing.

Remark 2.3.5. Note that for two representations V, W of G, the representation
Hom(V, W) is given by the Z,-module Homz, (V, W) equipped with G-action given
by (9¢)(v) = g(¢(g~v)) for g € G, ¢ € Homgz, (V,W) and v € V.

Definition 2.3.6. The p-cohomological dimension of a profinite group G is the
smallest non-negative integer n such that for any discrete G-module A, one has
HY(G,A)(p) =0 for ¢ > n.

Proposition 2.3.7 ([IS01], II Proposition 15). For K a finite extension of Q, the
group Gk = Gal(K/K) has p-cohomological dimension 2.

Example 2.3.8. We want to apply the previous results to calculate some cohomology
groups. Let K be a finite Galois extension of @, and G its absolute Galois group.
Let V. = Z/p"Z be equipped with the trivial Gx-action and W = p,» with the
obvious G g-action.

First recall the Kummer sequence

o—z?

0— ppn — K* =5 K* — 0
which gives a long exact sequence of cohomology

0 — HYGg,ppm) — H°(Gg,K*) — H°(Gk, K*)
— Hl(GK7/,l/p7l) — Hl(GK,K*) — Hl(GK,K*)
— H*(Gg, ppn) — H* (G, K*) — H*(Gg,K*)

and using Hilbert 90 we obtain H'(Gx, K*) = 0 and thus H' (G g, jupn) = K*/(K*)P".
Further, it is possible to show that H?(G g, K*) = Q,/Z, which we will not show here.
This then implies that H*(G g, ppn) = Z/p™Z. 1t is clear that H*(G g, ppn) = ppn NK.

We summarize
(i) HY(Gr, ppn) = ppn N K
(i) H'(Gre,ppn) = K*/(K*)P"
(iii) H*(Gk, ppn) = Z/p"Z.
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We continue by showing that the Tate dual of Z/p"Z is precisely p,». Indeed, an
element ¢ € Homg, (Z/p"Z, pip~) is uniquely determined ¢(1), which has to be a p"-
th root of unity. Further, the G g-action is given by (9¢)(v) = g(¢(g~1v) = g(¢(v))
and thus (g¢)(1) = g(¢(1)) so it coincides with the usual Galois action on the p™-th
roots of unity.

We know that H*(G g, Z/p"7Z) = Z/p"Z and H*(Gk, jipn) = Z/p"Z. In this case,
the Tate-duality pairing is just given by

Z/p"ZL X L/p"ZL — Q,/Z,

(2,9) — — - L.

pmp"

Further, we know that H°(Gf, tpn) = ppn N K will be cyclic of order pP for
0 <k <n. Since

H*(Gr,Z[p"Z) X pyn N K — Qp/Zy
is a perfect pairing, H*(Gk,Z/p"Z) = ppn N K. In case K = Q,, we have that
H?*(Gg,Z/p"Z) is trivial.

Finally, using the Euler-Characteristic formula we can calculate that H* (G, Z/p"Z)
has cardinality p*". Indeed, by Remark 2.1.4 since the action of G is trivial on Z/p"Z

we have

HY(Gk,Z/p"Z) = Hom(Gr,Z/p"7Z).

For K = Q, we can see that Hom(G g, Z/p"Z) = Hom(Gal(Q3"/Q,), Z/p"Z) where
Q3P is the maximal abelian extension of Q,. Now Gal(Q3"/Q,) = Z XLy =11, ZqxZ;
and since there are no non-trivial homomorphisms Z, — Z/pZ for q # p we have

Hom(Gq,,Z/p"Z) = Hom(Zy, X Z,,,Z/p"Z) = Z/p"Z X L|p"Z
which indeed has order p2".

Definition 2.3.9. Let K be a finite extension of Q, and let L/ K be a finite extension.
For a representation V of G we define the induced representation Ind¥ (V) of G
to be

d® (V) :={f:Gx — V| f(ho) = hf(o) for all h € G, 0 € G}
equipped with the Gi-action given by

(9£)(0) = f(og)-

In fact, the next proposition, known as Shapiro’s lemma, tells us that we can relate
the cohomology groups of a representation to the cohomology groups of its induced

representation.
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Proposition 2.3.10 ([Mil20], Proposition 1.11). Let K be a finite extension of Q,
and let L/K be a finite extension. Then for all ¢ > 0

H(Gg,Indk (V) = H(G,V).

It is often easier to work with p-torsion representations. The following results will

help us reduce to the p-torsion case when proving results about Galois cohomology.

Corollary 2.3.11. For a Z,-representation V of G i the inverse system H'(Gg,V/p"V)

satisfies the Mittag-Leffler condition, and thus we get an isomorphism

H (Gg,V) > @Hi(Gm V/p"V).

Proof. By ([Tat10], Theorem 2.1) since V/p"V is p-torsion, the cohomology groups
HY(Gf,V/p"V) are finite. Since any inverse system of finite abelian groups satisfies
the Mittag-Leffler conditions, by Proposition 2.1.13, we get the wanted isomorphism.

O

Example 2.3.12. For K = Q, we can use Example 2.3.8 and Proposition 2.3.11 to
calculate the cohomology of the trivial one-dimensional free Z,-representation. We

have

H®(Gg,,Z,) = lim H'(Gq,, Z/p"Z) = \im Z/p"Z = L,
H?(Gq,,Zp) = lim H*(Gy,, L/p"Z) = 0.

2.4 Iwasawa algebras

For finite groups G’ we often consider the group ring Z,|G’] which is the ring of formal
linear combinations of elements of G’ with coeflicients in Z,. Any G’-module that

has a structure of a Z,-module can also be seen as a Z,[G']-module.

Definition 2.4.1. Let G be a profinite group. We define the Twasawa algebra A[G]
of G to be
A[G] = mZ,(G/H]

where H runs through all open normal subgroups and Z,[G/H] are the group rings
of G/H.

Note that in the profinite topology, the open normal subgroups of G are precisely
the normal subgroups of finite index. The transition maps are induced by the quotient
maps G/H — G/H' for H' C H. The Iwasawa algebra remembers both the topology
of G and the topology of Z,. We equip it with the inverse limit topology, and each
Z,|G/H] carries the topology of a finitely generated Z,-module. In this thesis, we

will be interested in the Iwasawa algebra of an open subgroup I' of Z;.
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We regard the Iwasawa algebra of I' = Z,,. Let v be a topological generator of

I, i.e. I' = (v). The open normal subgroups of I" are the subgroups I';, := (y*") for
n € N, which are cyclic of order p™ generated by v + T',,.

For T' a formal variable, we have isomorphisms of Z,-algebras

Zp[T/T0] = Z[T) /(1 + T)P" — 1) (2.1)
ymod Ty — 1+ 7T mod (1+T)P" —1

which are compatible with the transition maps of the inverse system.

Proposition 2.4.2. We have an isomorphism of Z,-algebras, which is also a home-
omorphism,
Zy[[T]] — A[T]
T—~v—1

where A[L'] carries the inverse limit topology and Z,[[T]] carries the (p, T)-topology.

Proof. Let g, = (1+T)?" —1 € (p,T)". For each n, we have continuous maps
Zp[[TN) — Zp[[T/(an) — Zp[T]/(gn) — Zp[T/T]. (2.2)

where the first two maps are the obvious maps, sending > a,T™ to its class in
Zp[T)/(gn) and the last arrow is (2.1). Thus there is a continuous homomorphism

K Zp|[T]) — AL
T+—~—1.

We see that ker(k) = (1, cn(qn) C Npen(p, 7)™ = {0}. Further, Z,[[T]] with the
(p, T)-topology is compact, so the image under & is closed and the image of x must
be dense since (2.2) is surjective for every n € N, thus x is surjective. Since Z,[[T]]
is compact and A[I'] Hausdorff we can deduce that & is indeed an isomorphism of
topological Z,-algebras. O

In general, we are interested in the case where I' is identified with an open subgroup
of Zy = Cp—1 x (14 pZy), which is always procyclic, since Z;, is. Therefore, I' takes
the form C,, x Z,, where n | p—1. Then we can show that for vy a topological generator
of T’

K" A[L] = Zp[[T]][Cy]
v — (1+T)C.

is an isomorphism, where Z,[[T]][Cy] is the group ring of C, with coefficients in
Zy[[T]] and (¢ is a generator of C,,.
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Remark 2.4.3. If' ® Z, and 0 = 1* € T, a € Z,, we have that 2=} = ((7_17)# €

A[l'] = Z,[[y — 1]] as a power series in vy — 1.

Remark 2.4.4. Let X be a p-adically complete and complete topological group with
a continuous I'-action, such that (y—1)(U;) C U; for a basis (U;);er of neighbourhoods
of 0 in X.

We show that we can extend the action on X to A[T']. To see that it satisfies to
show that for all © € X, (v — 1)"(x) tends to zero. In fact, for x € X we have that

-1 @ =@ = (7 ) @

We see that all in between terms are divisible by p™ and 7*" (x) — « tends to zero
since W are precisely the open normal subgroups of T, so 4*" tends to the identity
of T'. For any neighbourhood U of 0 in X, let n be such that (y — 1)P" (x) € U, then,
since (v — 1)(U;) C U;, we have (y — 1)"(z) € U for all r > p™.

Since X is complete, we see that all power series in v — 1 act on X and thus A[I'] acts

on X continuously.

2.5 Witt vectors

We briefly review the construction of Witt vectors since this will be needed later. Let p
be a prime number, and let X = (X, X1,...)and Y = (Yp, Yy, ...) be indeterminates.

Definition 2.5.1. The n-th Witt polynomial of X is

Wn(&) = Wn(Xo, e ,Xn) = z:pl)(;nﬂ_I = X(};n —|—pr”_1 + .- ann
=0
Note that we can express X, € Z[%MWO, e, W
Lemma 2.5.2 ([GS13], I1.6 Theorem 6). For every ® € Z[X,Y] there exist unique
o, € Z[Xo,...,Xn; Yo, ..., Y] such that for all n € N

Wi (®o, ..., ®n) = B(W(Xo, ..., Xn), Wn(Yo,..., Vo))

Definition 2.5.3. We define the polynomials S, P, € Z[Xo,..., Xn;Y0,...Y,] as
the polynomials associated to X +Y € Z[X,Y] and XY € Z[X,Y], i.e. inductively
define via

Wn(SO7 . aSn) = Wn(XOa s aXn) + Wn(YOa s 7Yn)
Wi(Po, ...y Pa) = Wn(Xos ..., Xn) - Wa(Yo, ..., Ya).
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For \ € Z we further define M (X),, € Z[Xo,...,Xn;Yo,...Y,] to be the polynomials
associated to AX € Z[X], i.e. i.e. inductively define via

W (M(No,- .., M(N)n) = AWa(Xo, ..., Xn)

Remark 2.5.4. We can derive explicit formulas for the case n = 1. By definition we

have

S +pS1 = X§ +pX1 + Y7 +pYa
and

PY +pP = (X5 + pX1) (Y + pY1).
We thus get

So=Xo+ Y0

1 n—1 ) )
Sl = Xl + Y1 + ]; Z <ZZ> XéYOn*Z
i=1
Py = XY,

P1 = pXIYI + }/Ole + YlXé)

Proposition 2.5.5 ([FO22], Lemma 1.28). We assign the weight p’ to the i-th coor-
dinate X;. Then for n € N

1. S, = X,, + Y, +terms of degree > 2, of which all polynomials have weight p™.

[\

. P, =p"X,Y,+ terms of degree > 3, of which all polynomials have weight 2p™.
3. Py(X0,0,...0;Yp,...,Y,) = X2'Y,,.

4. M(p), =XP |, mod pforn>1

Let A be an arbitrary commutative ring.

Definition 2.5.6. Let n € N. We define the ring of Witt vectors of length n, denoted
by W, (A) with coefficients in A to be the set A™ with addition and multiplication,
for a = (ag,...,an—1),b= (bo,...,bp—1) € A™ given by

a+b= (SO(avb)a e anfl(a?b))
a-b=(Py(a,b),...,Po1(a,b)).

We further define restriction maps

res : Wy11(A4) — W, (A)

(agy ... an) — (ag, ..., an_-1)
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which are surjective ringhomomorphisms. We then define
W(A) = @WH(A)

If A is a topological ring, we equip W,,(A) with the product topology of A™ and W (A)
with the inverse limit topology.

Remark 2.5.7. Note that W (A) has a Z-module structure via, for a = (ag,a1,...) €
W(A)and A € Z

Mag,a1,...) = (MN)o(a), M(N)1(a),...)
which is compatible with the additive structure we defined.
Example 2.5.8 ([GS13], I1.6). W(F,) = Z, and W,,(F,) = Z/p"Z.
Definition 2.5.9. (i) We define the Verschiebung
V:.W(A4) — W(A)
(ag,a1,...) — (0,ap,a1,...).
(ii) We define the Teichmiiller map
[]: A— W(A)
a— (a,0,0,...).
(iii) If A is of characteristic p, we define the Witt vector Frobenius map

o:W(A) — W(A)

(ag,ai,...)— (af,al,...).
Proposition 2.5.10. Let A be a commutative ring of characteristic p.

L (ag,a1,...) =Y 02 V™*([an))

2. Vo=oV =p

Proof. The first statement is clear. For the second, note that A has characterstic p
so Proposition 2.5.5 implies that

plag,a1,...) = (0,af,a},...). O

Definition 2.5.11. We call a ring A of characteristic p perfect if the Frobenius map
x +— P is an automorphism.
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Corollary 2.5.12. If A is a perfect ring, then every element in W(A) can be written

uniquely in the form
o0
(ag,a1,...) = ZP"[CL{"]
n=0
Further, the projection map

W(A) — A
(ap,a1,...) — ag
induces an isomorphism

W (A)/pW (A) = A.

Proof. By Proposition 2.5.10 we have V" (0" [a,]) = V"™([a?"])

)

p"[an], and since

»
n
the p-th power map is an automorphism we have V"([a,]) = p™[aZ "]. Tt follows from

Proposition 2.5.10 that

(oo} (oo}
(agyar,...) = > V™([an]) = > p"[ah ]
n=0 n=0
Using this description we see that the kernel of the projection map

W(A) — A

(ao,al,...)r—>a0

is precisely pW (A) and we obtain the remaining statement. O
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p-adic Hodge theory and
(v, [')-modules

3.1 Preliminaries

We fix some notation for the rest of the thesis. We will always consider p an odd

prime.

Let K be a local field with finite residue field k£ with characteristic p which implies
that K is a finite extension of Q,. Let Ky = Frac W (k) be the field of fractions of
the ring of Witt vectors of k. Then Kj is the unique extension Q, C Ky C K such
that Q, C Ky is unramified and Ky C K is totally ramified. Also fix an algebraic
closure Q,, of Q,, which we will also denote by K.

We choose and fix (,» compatible primitive p”-th roots of unity, in the sense of
C;;n“ = (pn. We denote by p» the group of p"-th roots of unity in @p and set fipe 1=
Ups1 spn- Let Kpp i= K(ppn), Kon := Ko(pipn), and similarly, Koo = K(pup), and
Kooo = Ko(pipe=)-

K H

:

1
e

Gk
K
Ky

We denote by Hy := Gal(K/K,) and ' := Gal(K/K). Further, we denote
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p?
Cpi € pip=. We see that ker(x) = Hg, so x identifies I'x with an open subgroup of

Zy. Also note that Z5 = (Cp—1) x (1 + pZ,) and Zy = @(Z/pZ)* is procyclic.

the cyclotomic character by x : Gg — Z, with g((,i) = (;ﬂ-(g) for all ¢ € Gk and

Remark 3.1.1. Since Zj; is procyclic, we can find a topological generator, i.e. an
element that generates a dense subgroup. Indeed, we can pick any lift of a generator
of (Z/p*Z)*. Tt will generate (Z/p*Z)* and also (Z/p"Z)* so it generates a dense
subset.

3.2 Fields of Norms

Our first goal is to establish an isomorphism between Hg and the absolute Galois
group Gal(X3" /K/XKOO/K) of a field of characteristic p, called the field of norms
Xk k- This was introduce by Fontaine and Wintenberger in [FW79]. Let

Xkoo/x = Im Ky,
where K,, = K(u,») and the transition maps are given by the norm maps N, /k,, _, -

If we consider elements of Xy x as sequences x = (x(o),x(l),...) then the

multiplication and addition are given by:
(xy)(”) = g™y
(@+9)™ = lim N, /x, (@5 505

m——+00

We can see that this field has characteristic p since

lim Nk, . ./k,(p)= lim pP Tl =0,

m——+o0 m——+o0

If now L/K is a finite Galois extension then X _,1/Xg_/k is a finite Galois
extension with Gal(Xy_/r/Xk_/k) = Gal(Loo/Ko) Where Loo = L(pp=). We

deduce that Gal(Xf(ei/K/XKoo/K) ~ Hy, where X;fi/K denotes a separable closure

OfXKOQ/K'

For K an unramified extension of QQ,,, one can show that

XKook =k((7K))

where 7x is some uniformizer of Xx__/x. The local uniformizer we choose will gen-
erally be 7 = (1,{p, G2, ... ) — (1, 1,...).

3.3 Characteristic p theory: p-modules

We start by classifying representations of Gg = Gal(E**? /E) for some characteristic
p field E. So let E be a local field of characteristic p and let o : E*®? — E*?, 1+ 2P
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denote the absolute Frobenius. Note that the field of norms will in general not be a
perfect field.

3.3.1 [F,-representations of Gg

We will establish an equivalence between IF)-representations of Gg and so-called étale

p-modules over E.

Definition 3.3.1. A @-module over E is a finite-dimensional E-vector space M

equipped with a o-semilinear map
o:M—M

where by o-semilinear we mean that p(Am) = a(N)p(m) = NPp(m), for all A € E,
m € M. A p-module M is called étale if (M) generates M as an E-vector space.
We denote the category of étale ¢-modules over E by @M%.

Theorem 3.3.2 ([Fon07], 1.2.6). There is an equivalence of categories

{Fp-representations of Gg} +—— {étale p-modules over E}.

The functor is given by V — D(V) where D(V) = (E*®P O, V)%= and the inverse
functor is given by D — V(D) = (E*® @g D)*=1.

Remark 3.3.3. We want to briefly explore why the functor is well-defined. Given
a F,-representation V' we need to show that D(V) is a finite dimensional E-vector

space and that the module is étale.

We start by regarding the structure of D(V). We have a diagonal action of Gg
on E*? @ V and E C E*P is clearly fixed by Gg. Thus we get a E-vector space
structure. Furthermore, we have a o-semilinear map given by z ® v — 2P ® v on

E*” ®p, V' which commutes with the Gg-action so we get a Frobenius ¢ on D(V).

Using Hilbert 90 one can show that
E*? g D(V) = E*P ®rF, V (3.1)

which shows dimgD (V') < oo since the RHS is clearly finite dimensional over E.

To show that the D(V) is étale let v1,...,v4 be a basis of V' over F),, write v; for
1®wv; € D(V) and let eq,...,eq a basis of D(V) over E. We can write

d
€, = E aijvj
j=1

with a;; € E*P. By (3.1) we have that ey, ..., eq also generates E*** @ V' over E*P
thus A = (aij)i,j S GLd(Esep>.
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‘We have
d d d
pler) = o> aijv) => olay)e(l@v) =Y alv; = bie;
j=1 j=1 j=1 j=1

where B = (b;;); ; satisfies for all ¢

d d d
alv; = bis ailV
ij ) 1] 7k Vk
j=1 =1 k=1

so we deduce by uniqueness of coefficients that BA = ¢(A), where the p-action on A
is taken componentwise. Since we are in characteristic p, det(¢(A)) = det(A)? and
thus det(B) = det(A)P~! # 0. We conclude that ¢(D(V)) generates D(V) over E,
i.e. D(V) is étale.

Remark 3.3.4. We note that by (3.1) we also have
(B @ D(V))=" = (B @, V)¢~ = V

since ESP¥=' = F,,. We see that the functor D — V(D) = (E**® @g D)?=! indeed

gives back the original representation.

3.3.2 Z,-representations of Gg

We lift the theory to the Z, case. Again, let E be a not necessarily perfect local field
of characteristic p. We start by picking a Cohen ring for E, i.e. a DVR which we call
A such that the residue field is given by E. We denote its field of fractions by B.

Remark 3.3.5. If E were perfect there is a unique choice of such a ring given by the
Witt vectors W(E). If E is not perfect there will be a choice involved, however we

will later, for some E, fix a convenient choice of a Cohen ring.

Now let B be the p-adic completion of a maximal unramified extension of B, with
ring of integers A. The residue field of A is E*P. Thus we have Gal(B/B) =
Gal(E*P /E). We see that under this isomorphism we have a Galois action of
Gal(E**P/E) on A and the invariants under Gal(E*?/E) are A.

Then there is a similar equivalence of categories:

Theorem 3.3.6 ([Fon07], 1.2.6). There is an equivalence of categories
{Z,-representations of Gg} <—— {étale p-modules over A}.

The functor is given by V — D(V) where D(V) = (A ®z, V).

Through lifting the absolute Frobenius o : E*®® — E*P, x — zP on E*°P we obtain
a Frobenius on A. On A it acts as the lift of the absolute Frobenius on E. Then,
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p: A ®z, V — A ®z, V, a®@v — o(a) ® v commutes with the Gg action and gives

us a Frobenius on D(V).

Example 3.3.7. We have a quick look at the trivial representation V' = Z, of Gg.
<G
Then D(V)=A"" = A.

=1
¥~". Since the Frobenius on the

The inverse functor gives us (A ®a A)?=! = A
residue field E*P is just given as the usual absolute Frobenius o and ESP7=! = F,,

we see that Ale/(p) = (A/(p))#='F, and thus AT = Z,=V.

3.4 Rings of periods

Recall that K a finite extension of Q, with residue field k£ and Ko = W (k)[1/p] is an
unramified extension of Q,.

Let C be the p-adic completion of K = Qp We define

E' = lim Oc/(p)
TP
where the transition maps are given by the p-th power map, i.e. E = HERN ORI
2P = 2(D) which is a perfect local ring of characteristic p. We let E be its field
of fractions. Then E is an algebraically closed field of characteristic p, complete for
the valuation given by vg(z) = v,(z(?)). Further, there is a componentwise G- or
G k-action on E, since we can extend the action of G K, or Gk continuously on C.
If we consider elements of E as sequences z = ((9), 2() ... then the multiplication

and addition are given by:

()™ = 20y (@
(x+9y)™ = lim (™) 4 yFm)yp”

m——+00

Let € = (1,(p, Gp2, ... ) € E'. We then find the subfield Ex, = k((e — 1)) C E, where

we note that all power series converge in E since vg(e—1) = —2-. Eg, is then exactly

p—1°
the field of norms Xg, _/r, of Ko C Koco-

Let E be a separable closure of Ef, inside E. We then have that Gal(E/Eg,) &
Hpg, by the theory of the field of norms. In fact, the componentwise H,-action
coincides with the Gal(E/Eg,)-action via this isomorphism.

Notation. We fix some general guidelines for notation to avoid confusion.

1. The subscript g will be used to denote invariants under Hg.

2. The superscript T will be used to denote taking only positive powers in power

series. In some cases this results in being the ring of integers.
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Now let
Ex = Efx
Ex =B
Ej =E"Ix
~+ ~+Hg
Ey=E "

Note that E} is precisely the ring of integers in Ex and E; of E. As we discussed in a
previous section, since K is a finite extension of Ky the field of norms Xy _/ is a finite
Galois extension of Xk, /x, = Ex, with Gal(Xx_/x/Ek,) = Gal(Kuw/Kox) =
Hg,/Hgk. This in particular shows that

Ex =E"¢ = X¢_ /k,

i.e. Ex is the field of norms associated to K C K, and Gal(E/Ek) & Hg.

Let A = W(E), and B = A[1/p] its field of fractions. Then we can write any ele-

ment € A in the form % p’[z,] and any element z € B in the form Y pi[z;]

for some n € N. For k € Z we define
wi(x) = Z1I§1£ vE(x;)
for z = 325 pilzi] € B.
Proposition 3.4.1 ([CC98], 1.3). Let z = >, -% p'[z;] € A and y = 3% p'[i] A.
(i) wi(z) = +oo <= z € pT1A

(ii) wg(z +y) > inf{wi(x), wi(y)} with equality of wy(x) # wi(y)

(ili) wr(zy) = infipj<p wi(z) +w;(y)

(iv) wi(p()) = pwi(z)

Proof. (i) If z = Z:;Og p'[z;] and wy(z) = inf;<k ve(x;) = +oo then [z;] = 0 for
i <k and thus z € p"1A.

(ii) Recall the definition of addition of Witt vectors. We have
too
r+y=> p'lal
=0

where z; = S;(xo, ... ,xfl SY0, - - ,yfl)pﬂ. and §; are the addition polynomials of
the Witt vectors. From Lemma 2.5.4 we see that S; = acfl + yf’ + Q;, where Q;
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i

is some polynomial in xg, ... ,:cf/; YOy« -+ s yfz with only monomials of weight p’
in the sense of Proposition 2.5.4. Note that

ve(QF ) > inf inf{ve(z;), ve(y;)}
since Q; consists of monomials of weight p’. We can deduce that

vg(2i) = inf{ve(z:), ve(¥:), ve(Q:)}

> ;Efz inf{vE(xj), UE(yj)}

and we have vg(z;) = vg(z;) or vg(y;) if ve(x;) = inf,<; inf{vg(z;), ve(y;)} or

ve(y;) = inf;<; inf{vg(z,), ve(y;)}. We deduce
Wil +9) = inf vs(=1) > inf inf{vp (), vn(u0)} = inf(w (). wi (1)}

Further we have that if wy(x) # wi(y), say wg(z) < wg(y), then there exists
some 4o such that x;, satisfies vg(z;,) = wi(z) = inf,<y inf{vg(z;), ve(y;)}.
Then we see

wi(z +y) = vE(zi,) = vE(2:,) = wr(x).

(iii) For z,y € A we have

+00
wi(zy) = wi(Y_p' (Y [wllym])

=0 I+m=1i

k
= w37 Y eln)

=0 I+m=1

> inf
= i<kl bm—i vg(21) + vE(Ym)

> inf (@) + ().

i+ji<k

Note that in the third row we used the discussion from (ii) for the valuations of
sums of elements in A.

(iv)

+oo
wi(p(@)) = wi (Y p[af]) = inf vp(27) = pu(2). O

i=—n

We describe the topology of A and B. For r € R and k € N set Uri == {z €
A | wi(x) > r}. We then equip A with the topology given by U, as a basis of
closed neighbourhood around 0. We equip B = Unen p~™A with the inductive limit
topology. Then B is a complete local field with ring of integers A and residue field
E. Further, we the G g-action on E induces a continuous G K-action on A and B
given by g(3°5°°  pilai]) = 325 pilg(xi)]. The action clearly still commutes with
the lifted Frobenius.
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~ ~ ~ N
Remark 3.4.2. The topology on A makes A — E |, © — (24 )ken a homeomor-
phism.

Recall that & = (1,¢p,Gp2,...) € B and let 7 := [g] — 1 € W(E).

By construction of Witt vectors and their Frobenius action we get that o([z]) =
[#P]. Therefore o([¢]) = [e?] and

o(m) = o(le) — o (1) = [&"] ~ 1 = (1 + )" —

Note that we used [eP] = [¢]? since the Teichmiillermap is multiplicative.
Let g € Gk. Let x : Gx — Z} be the cyclotomic character, i.e. g((yi) = (;fi(g)

for all g € Gk and (i € ppo. Then we have

g(m) = g(le] = 1) = [g(e)] -1
9(1),9(¢p),9(Gp2), - )] — 1
1x(g Cx(g) CX(Q) )] -1

Let Ak, denote the closure of Ok, [, 1] in A which takes the form

Ko = {Z anm : ap € Ok, an — 0 for n - —oo}
neZ

and is a discrete valuation p-ring with residue field Ex, = k((e — 1)). We have the
Frobenius and G i-action given by

o(m)=14+m)P -1, o(a) = Frobg, /g, (a) for a € Ok,
g(m) = (1 +m)X9 -1, gla) =afora € Ok, g€ Gk

where Frobg, /g, € Gal(Ko/Q,) denotes the relative Frobenius of the unramified field
extension Ky/Q,. In particular, we see that A, and its field of fractions B, [1/p]
are closed under Frobenius and G i-action. Note that the inherited topology on A,
is given by p" Ak, + T”A;r(0 as open set around 0.

Now let B be the completion of the maximal unramified extension of By, inside
B and A = BN A. Then A is a complete DVR with field of fractions B = A[1/p]
and residue field E. Using that E is stable under Frobenius and G g-action we can
show that A and B are stable under Frobenius and Gg-action. Further, since B
is the completion of the maximal unramified extension of Bg,, its Galois group is
isomorphic to the one of the residue fields, i.e. Gal(B/Bg,) = Gal(E/Eg,) = Hg,.
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Similarly to before, let

Ag = Al
Ag=A""
By = B«
By =B""

The residue field of Bg is Eg, the field of norms of K C K. Similarly, we have
that Gal(B/Bg) = Gal(E**? /Ex) & H.

For any finite extension L/K, [CC98] shows that By, is an unramified extension of
By of degree [L : K] and if L/K is Galois then By, /Bx and By, /By are also Galois.
Further, we have

Gal(BL/Bg) = Gal(B;,/Bk) = Gal(EL/Eg) = Gal(Loo /Koo) = Hy, /H.

If K = Ky, i.e., if K is an unramified extension of Q, then the definitions coincide.

Remark 3.4.3. If K is a ramified extension of Q,, the structure of A g will be slightly
more complicated. Let L = Koo NK§" (K§" being the maximal unramified extension)
and Tx be a uniformizer of Ex with PEL (X) its minimal polynomial over Ej. Let
Pg, (X) be alift to O [[7]][X]. Then, by Hensel’s lemma there exists a unique element

that satisfies Pg, (Tx) = 0 and Tx = Tx mod p. It is now possible to show that

A = {Zanﬁ}} | an € O, ap, — 0 for n — —oo}.
neZ

For details see [Ber02], IT1.1.1.

Remark 3.4.4. We also introduce

and further,

+oo
A}O =Ag,N AT = {Z anm | an € Ok, } C Ak,.

n=0

3.5 Characteristic 0 theory: (¢, I')-modules

We now want to proceed to studying representations of Gk for K a finite extension
of @p. The results will be similar to our results about ¢-modules in the characteristic

p > 0 case.
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3.5.1 Z,-representations

Definition 3.5.1. For 'y = Gal(K/K), a (¢,['k)-module over Ay is a finitely
generated A g-module with a og-semilinear map ¢ and a semilinear action of I'x that

commutes with ¢.

A (¢, T'k)-module M is called étale if (M) generates M as an A g-module. We
denote the category of étale (¢, 'k )-modules over Ag by @FM%K.
We obtain the following equivalence of categories.

Theorem 3.5.2 ([Fon07], 3.4.3). There is an equivalence of categories

{Z,-representations of Gk} +—— {étale (¢,'x)-modules over Ag}.

The functor is the same, V — D(V) = (A ®z, V)*, with residual I'k-action
(coming from the diagonal action of G ) which commutes with the Frobenius (given
by oR® Zdv)

Remark 3.5.3. Similar to (3.1) we can also show that
A QA K D(V) A ®ZP Vv (32)
using Hilbert 90.

Remark 3.5.4. Using (3.2) we see that for V a free Z,-representation of rank d,
A ®a, D(V) is a free A-module of rank d. We deduce that D(V) is a free Ag-
module of rank d and we have the following equivalence:

{free Z,-representations of {free étale (p, 'k )-modules over
Gk of rank d} A of rank d}.

3.5.2 p-adic representations

Definition 3.5.5. Let V be a finite-dimensional B i-vector space. An A g-lattice in
V is a finitely generated sub-A g-module L of V such that L generates V over By,

i.e. contains some Bg-basis of V.

Definition 3.5.6. A (¢, 'k )-module over B is a finite-dimensional B vector space
equipped with a g-semilinear p-action and a semilinear I" i-action that commutes with
the ¢-action. We call a (¢, 'k )-module M over By étale if there exists a A g-lattice
N C M such that N is stable under ¢ and ¢(N) generates N over Ak.

Remark 3.5.7. Using exactly the same trick as in 2.2.4 we can choose an A -lattice
N C M such that N is at the same time stable under ¢ and Gk, and ¢(N) generates
N over Ay, i.e. N is an étale (p, 'k )-module over Af.
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Proposition 3.5.8 ([Fon07], 3.4.4). We have the following equivalence of categories
{p-adic representations of G} +—— {étale (p,I'x)-modules over By }.

via the functor V — D(V) = (Bx ®q, V)"*.
Remark 3.5.9. Given a p-adic representation V of Gk, let T C V be a Z,-lattice
stable under Gx. Then V = Q, ®z, T and D(V) = (Bg ®q, V)% = (Ak @z,
T)"x[1/p] = D(T)[1/p].

Similarly, given an étale (¢, 'k )-module M, let N C M be a ¢- and I'k-stable

A g-lattice. Then N = D(T) for some free Z,-representation T' of Gx. But then we
see that M = N[1/p] =D(V) for V =Q, ®z, T.

The theory of (¢,T k)-modules corresponding p-adic representations is therefore

analogous to the one of free Z,-representations.

3.5.3 p-torsion representations

A useful strategy when proving theorems about (p,I')-modules is to look at modules
obtained from p-torsion representations. Then we can use inverse limits to make

statements about general Z,-representations by Proposition 2.3.11.

Definition 3.5.10. The length of a module M is the length of the longest chain of
submodules. If no longest chain of submodules exists, we say M has infinite length.

Definition 3.5.11. An étale p-torsion (¢, I')-module is an étale (¢, I')-module of finite
length. We denote the category of p-torsion (i, T')-modules over A by @FM?}’{”“tor.

Indeed, the p-torsion (¢, I')-modules correspond exactly to the p-torsion representa-
tions of G .

Theorem 3.5.12 ([Her98], Theorem 1.2). There is an equivalence of categories

{p-torsion representations of Gx} +—— {étale p-torsion (¢, 'k )-modules over Ak}.

In particular, we see that an étale (¢, I')-module is p-torsion if and only if it is anni-

hilated by a power of p.

Recall that we noted that the category Rep, o, (Gxk) or Rep; (Gk) does not
actually have nice enough properties, i.e., does not have enough injectives. We there-
fore introduce the category of (p, 'k )-modules equivalent to the category of discrete

p-torsion representations of G .

Definition 3.5.13. We denote by @FMK’i’ét’p "% the category consisting of inductive
limits of étale p-torsion (¢, I')-modules.
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Proposition 3.5.14. There is an equivalence of categories

discrete ind-ét,p-tor
Repylior (Gr) +—— ®TM, )

In particular, the category @FMEi’ét’p " has enough injectives.

Proof. Since the functor D is an equivalence of categories between p-torsion represen-
tations of Gi and étale p-torsion (¢, 'k )-modules, we can extend it to an equivalence

of the categories consisting of all inductive limits of them. O

3.6 Overconvergent rings

We very closely follow [CC98]. Note that although our ring Ak, has a nice structure
Ak, = {Z anm" | an € Ok,, an — 0 for n — —oo}.
neE”Z
the power series do not correspond to actual p-adic analytic functions ) ., a,T".
However, if we add some restrictions on the convergence of a,, — 0 for n — —o0, we

obtain analytic functions > _,a,T™ that converge on some annulus p < T < 1.

neEZ

We start by introducing a new index set. Let R := RU {r~ | r € R}, with
an order relation < that satisfies 11 < r; < rp for all r; < rg, r1,72 € R. Let
R.ﬁ. = R+ U {T_ ‘ re RJ'_}

For r € R, define

Aiz{x€A|wk(z)+ plrkzOforallkEN}
p—
and
Aif ={x EAI | lim wg(z) + Pk = +oo for all ke N} C AI
k—o0 p— 1
Since for x = Y7 p'[z;], wi(xz) > 0 for all k € N is equivalent to vg(zy) > 0, i.e

T € E+, we can see that Ag =WE")= A"

Further, for » € R define

- 1 -
BI:Ai[];] :{meB|wk(m)—l—pflrkZCforsomeCERandfor all k € N}
and
X it L 501 p
B, =A, [-]={z€B| lim wg(z)+ rk = +oo for all k € N}.
p k—o00 p—].
Now let
B' = | B!
reRy
A= A
TE]R+
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b
p—1

rk > C for some C € R,r € R, and for all k € N}

Remark 3.6.1. Note that using the new order relation on R, we have Ail - Aiz

and Bil C Biz whenever r; < rp. Therefore, when defining B' it does not matter

whether we sum over r € Ry or 7 € R

Lemma 3.6.2 ([CC98], Lemma I1.1.4). If r € Ry, an element = = 3,25 p*[a] of
AI is a unit in Ai if and only if vg(zg) = 0.

Proof. If x = 3,20 pFlax] is a unit in AI, then write 2= = 372 pF[yx]. Since
we must have xgyo = 1 and also vg(x¢) > 0 and vg(yo) > 0 since z,2~! are both
elements in A,, we deduce that vg(zo) = 0. Conversely, if vg(zo) = 0 then, by
dividing by [z¢], we can assume that 2o = 1 and = 1 — u where u € pA N A,.
Then 2~ =) u" is an clement in Ai since it is a closed subring of A and A is

p-adically complete. O

As before, for o € A we write @ for its class in E and for 8 € E we write [3] € A
for its Teichmiiller lift.

Corollary 3.6.3 ([CC98|, Lemma II.1.5). For r > %’ [] is @ unit in Ai

Proof. We can write 7 = [7] + p[ai] + p*[ae] + --+ where «; is a polynomial in
e””" — 1 with coefficients in Z and no constant term, using the addition polynomials
of the Witt vectors. Thus vg(q;) > vE(epﬂ -1) = W Therefore, we can

write 7 = [7](1 + pla1] + p*[az] + - ), with vg(a1) = vg(a1) — vg(e — 1) > —1 and
ve(a;) = vg(a1) —ve(e — 1) > —vg(e — 1) > —i for 4 > 2. Thus < A];;l and by

Lemma 3.6.2, [l

77 is a unit in A];;l, and therefore a unit in Ai for all r > %. O
p

Proposition 3.6.4 ([CC98], Proposition 11.1.2). (i) If » € R,, A, and BI are

i
subrings of A and B stable under G, and U(Al) C A;r and o(f}l) C f};r.

(ii) For r € Ry if a is an element of A” such that for & the reduction modulo D we
have vg(@) > 0 then AI is complete and Hausdorff for the a-adic topology and
AI is closed in A.

(iii) B' ist a subfield of B stable under G, and o.

Proof. (i) The fact that AI and BI are subrings follows directly from Proposition
3.4.1. Further, we have that for all g € Gg, and = € E, vg(g(z)) = vg(z) and
thus for all z € A, r € N, wy(g(z)) = wy(z). Using that for all z € A, k € N
we have wy,(0(z)) = pwy(z) we get that o(A,) C A;T from Proposition 3.4.1.
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(i)

(iii)

We start by assuming o = [@] and let s = vg(&). To show Hausdorffness, it
suffices to show that z € aiAi for all 4 > 0 implies x = 0. Indeed, for y € Ai we
have wy (a'y) > wy,(y) +is > —Epkr+is for all i > 0 and thus wy(aly) = +o00
for all k£ € N. But by Proposition 3.4.1 this implies =z € pFtLA for all k € N
and thus © = 0. For completeness, let (a;);en be a sequence of elements in
AI We have by the previous discussion that for all k& € N, wy(a’a;) — +oo
for i — +o0. Therefore, the sum ), a'a; converges to some element a € A
with wi(a) > inf;enywi(a;) + is. We see now if r € Ry that a; € AI implies
wi(a) > infieywi(a;) +is = JEykr and a € AI, and if » € Ry — R, then
a; € Ai implies wy(a) — SE7kr > infien wk(a;) — ;Epkr +is which tends to 400

since for all i € N, wy(a;) — ;E7kr — +oo for k — +00 and again a € AI

Now we drop the condition that o = [@]. Let o € A: and r > 0. We can find
some element § € E satisfying 0 < vg(8) < inf(r,vg(@)). Then 7 € AI and

since AI is complete and Hausdorff with respect to the [8]-adic topology, it also
is with respect to the a-adic topology. If r = 0 we can use that o = [a] 4+ pu and
AI) — A" s complete with respect to both the [a]-adic and p-adic topology, so
also for the a-adic topology.

Lastly, we have that for r € R, AT is closed as the intersection of the closed

T

sets Uy ri in A.

By the previous parts, BT =U B: is a subring of B stable under G K, and

reRy
o. It remains to show that BT is a field, i.e., that every non-zero element is

invertible. We can write any element © € B, as z = p " > pen PF[zk] where

> ren PFlak] € Ai Further, if we let ko the smallest integer such that xj, # 0
n+k0[‘rko]ua where u = 1 + ZkeNpk[ykL Y = ftto - We see

Tk

that vg(yr) > VE(Tktk,) — VE(Z0) > —p’%l(k + ko)r — vg(xo) > —%ks for

we have x = p~

s=r+ % + pp;kl sup(0, vg(2k,)). Thus u is a unit in Ai Further, p is invertible

in B since 1% € Bz; and [zy,] is invertible in B' since for t = S vE(Tr,) We

have [m;ﬂl} € ]éz We conclude that B is a field. O

We now equip Ai with the m-adic topology, with respect to which it is complete

Proposition 3.6.4 since vg (%) = vg(e—1) = ;55 > 0. Further, the G, and o-actions

are continuous by Proposition 3.6.4. We then equip BI = UneNp’”Ai with the

inductive limit topology and also ET =U

>0 Ei with the inductive limit topology.

Remark 3.6.5. The definition is motivated by us wanting the power series to con-

verge. In fact, if the reader is familiar with the ring Bji'R then we can show that for

x = Y7 pilx;] € B the following are equivalent

(i)

o0 p'lai] converges in Bl
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(ii) Z;;OS pi:vz(-o) converges in C

(iil) img—4oo(k + vE(7k)) = +00

(iv) z € B];;l—
For details, see ([CC98] I1.1.1).

We now set, for r € Ry U {oc}

At=anA’ B =BnB', Ai=AnAl, BI=BnB.

.
From the previous discussion we can directly deduce

Proposition 3.6.6 ([CC98], Proposition I1.1.6). (i) B is a field stable under G,
and o.

(ii) If » € Ry, the subrings Al and B! are stable under G, and = € Al if and
only if o(x) € A;r)r (similarly, z € B if and only if o(z) € BLT).

(iii) If r € Ry, AI is complete and Hausdorff with respect to the m-adic topology.

Following the notation from before, for r € R U {co} we set
Al = (AN, Bl = (B)x, Al =AD", B = (B])"~.

We now want to have a closer look at the rings AI’K for the case K = Ko, i.e., K

and unramified extension of Q,. Recall that we have for m = [¢] — 1

Ak, = {Z anm" | an € Ok,, an — 0 for n - —oo}.
ne”Z

Definition 3.6.7. We define the following rings of Laurent series. Let

1. .A[Ig:)l) be the ring of power series with coefficients in Ok, i.e. the ring of analytic
functions that converge on the open unit disk.

2. A[Il(’ol) be the ring of formal Laurent series of the form > _. a,T™ with coeffi-

nez
cients in O, that satisfy a, — 0 for n — —oo.

3. A[ﬁ;}) (or Agg{’]l)) be the ring of Laurent functions with coefficients in O, that
converge on the annulus p < |T| < 1 (or p < |T| < 1) and are bounded in norm
by 1, i.e. the ring of analytic functions that converge on the annulus and are
bounded in norm by 1.

Proposition 3.6.8. The map that sends a Laurent series f(T) = ) ., a,T" to
f(m) induces isomorphisms
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1. from A[Ig’ol) to A;O,
2. from .A[é’ol) to Ak,,

3. from .A[I’;(f)’l) to Ai,’KO and A(Igér)’l) to A;KO where p(r) = p~+ and r € R,
r> =L
=
Proof. The first two statement are obvious, and the last one is equivalent to the next

lemma. O

Remark 3.6.9. Most authors define the rings of overconvergent elements Ai, o
slightly different, for » € R there is no distinction between r and r~ and the condition
that wy (z)+ pf;lkr > 01is dropped. That will then result in the ring of overconvergent
elements corresponding to the ring of analytic functions that converge on p(r) < |T| <
1 without the condition that they are bounded by 1. That way ATK0 is just defined
as the union of the Ai, K, and coincides with our definition of A}(O.

Further note that we use p% in our definition of the overconvergent rings since
vp(e—1) = p%l, which will make some proofs slightly easier, but we might as well

define the rings using wy(x) + kr > 0.

Lemma 3.6.10. Let r € R, with r > 21 then for z = 3

o anm € Ak, the

neZ
following are equivalent

() =€ Al g,

(i) rvp(ap)+n>0forallneZ ifreRy
i

rvp(an) +n >0 for all n € Z and rv,(a,) +n — +oo for n — —oo  if r € Ry — Ry

Proof. First, note that
—+o0
AJ[(O = {Z anm™ | an € Ok, } = AE,KO
n=0

since we established that A* = AI). We can also deduce it by seeing that 7w € Azr) Ko
Ok, C AE’KO and that A&KO is complete with respect to the m-adic topology.

We thus have that an element x = ), a,7" € Ak, is in A:[,Ko if and only

if o' =3 _ganm" € Aj",Ko' IfkeN,let y, =p* Zn@%(an):k
inf{n < 0| vy(an) = k}. Note that ni > —oo since by definition of Ag,, vp(an,) = 0

a,7" and n =

for n — —oo. Then we have y; = [7|™*u where

ng
7(17% ™ An  hon
SN

b Qn
n>nk7vp(an):Up(a7zk) k
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. X . An, an _n—ng
We can see that u is a unit in Ap;1 since 3 and 1+ Zn>nk7%(a"):%(ank) ar=T

s

are units in A;r( = Ag k. and Z; is a unit in ALl . Further, we know that by Lemma
0 Ko (7] 7
3.4.1

wo(ye) = v (Fr) = wol[A]™ u) = wo([A]"™) +wolw) = ni

since wo(u) = 0 and
wi(yr) = wi([7]"™*u) = wo([7]™) + wi(u) = ve(Yr) — 1
for i > 1. Furthermore, since x = j;og ply;, we have

> i\ s .
wy () > o;?ik wi(p'yi) Oérilikwkﬂ(yz)
with equality if wo(yx) < wg—;(y;) for all 0 <i <k — 1 by Lemma 3.4.1.

Lemma 3.6.11 ([CC98], Lemma 11.2.3). Let s > 0 and (ug)ken, (Vg)ken two se-
quences in R satisfying the following conditions

1. v > infogigk w; + S(k — Z)

2. v =up ifup <u;+sk—i)foral0<i<k-—1
then

1. up,>0,VkeN < v, >0, Vk e N
2. if s> 0, limg s 400 U = +00 <= limg_ 4o v = +00.

Corollary 3.6.12. For r > pp%l and x € Ak, we have

1. forreRy, z € A:,K if and only if vg (k) + ;E7kr =2 0 for all k € N
2. forreR, —Ry, z € AI,K if and only if vg (k) + ;E7kr = 0 for all k € N and

limg 400 VE(JK) + pf;lkr = +00.

Proof. This is an application of the previous lemma, for s = ppf — 1 and v, =

1
wi(2') + ke, w, = ve(ye) + SEykr. Note that u, < u; + s(k — ) for all
0 <¢ < k—1 implies

wo(yx) = ve(Uk) < vE(Y:) — (K — i) < wp—i(y:)

for all 0 <7 <k — 1. Then we have wy(x’) = wo(yx) and therefore vy, = u. O

We finish the proof by noting that using ve(yi) = infy, (4,)=k 325 (if y& =0 we
set both sides to be +00) we see that vg(yi) + ;E7kr = 0 for all k € N is equivalent
to rup(an) +n > 0 for all n < 0. Similarly, limg_ 1o ve(YR) + ﬁkr = +oo is
equivalent to limg_, oo infvp(an):k n + rvp(an) = +oo which in turn is equivalent to

lim,, oo rvp(ay) + n = 400 since a,, — 0 for n — —oo. O
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Proposition 3.6.13 ([CC98], Proposition I1.4.1). If L/K is a finite extension, then
BTL is an extension of B}( of degree [Loo : K] and if L/K is Galois then BE/BJ}( is
also Galois and Gal(BTL/B}() = Gal(Loo/Ko)-

Proof. See [CC98], Proposition I1.4.1. O

3.7 Overconvergent representations

We very closely follow [CC98]. Using the new overconvergent rings, we can also define

the equivalent (¢, 'k )-modules.

Definition 3.7.1. Let V be a Z,-representation of Gk, we define
D(V) = (AT @y, V)x

(V) = (Al ®z, V)= for r € Ry.

T

We call a Z,-representation V of G overconvergent if for some 7 > 0, DI (V) gener-
ates D(V) over Ag.

Remark 3.7.2. Note that D (V) is stable under T'g-action and the Frobenius ¢
sends DI(V) to DLT(V).

Remark 3.7.3. Equivalently, for p-adic representations V' we have

D(V) = (BT @q, V)
DI (V) = (B! ®qg, V)"« for r € Ry.

We call a p-adic representation V of G overconvergent if for some r > 0, D:[(V)

generates D(V) over By or equivalently dimg; D'(V) = dimg, V.
K

Remark 3.7.4. In this [CC98], Cherbonnier and Colmez show that in fact all p-adic

representations are overconvergent.

3.8 Induced (p,I')-modules

Definition 3.8.1. Let L be a finite extension of K. Let M be an étale (¢, T'1,)-module
over Ayp. We define the induced (o, T'k)-module to be

ndls (M) = {f : T — M | f(hg) = h(f(g)) for all h € T}

where we consider I';, & Gal(K. /L N K4 ) as a subgroup of I'x. Note that then
we have 'k : '] = [[ N Ky : K]. We equip Ind?f(M) with the structure of a
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(¢, T k)-module over A in the following way:

(A)(g) = g(N) f(g) forall \ e Ak, geTk
Y(f)(g) = f(vg) = f(g7) for all 7,9 € Tk
o(f)(g) = ©(f(9)) for all g € I'k.

We define Indf{ (M) analogously for M an étale (¢,I'r)-module over By or M an
overconvergent étale (¢,I'r,)-module over ATL or BE.

Remark 3.8.2. If M is a finite-dimensional By, vector space, then we see that

dimg,, (Indp¥ (M)) = [By : BK] [Tk :Ty] - dimp, (M)
=[Loo : Koo| [LN Ky : K] -dimp, (M)
=[L:LNKy] [LNKy : K]-dimg, (M)
=I[L: K]-dimg, (M)

where in the third row we used [Lo : Koo] = [L : LN Ko since LKo, = L. The
same holds for the rank if M is a free A, module or Ej, vector space.

Proposition 3.8.3. Let L be a finite extension of K. If V is a p-adic representation

(or a free Zy-adic representation) of G, then

Indf (D(V)) = D(Ind} (V).

Proof. We first show the statement for p-adic representations. Define a map
r: D(Ind}f (V) = (B ®q, Indf (V)< — Ind ¥ (D(V))
Z bi @ fi —> (g Z 9(bi) @ fi(g
where g € G is a lift of g € I'x. Note that the map « is induced by a Q,-linear map
i :B®g, Ind} (V) — {f: Gk — B®g, V | f(hg) = h(f(g)) for all h € G}
b& fr— (g7 g(b) @ f(g))-

For elements ) b; ® f; € (B®g, Ind¥ (V))H« we have that the right-hand side factors
through ' and maps into D(V).

k is well-defined: First we show that the right-hand side of & is the same for different

elements b ® f representing the same element in B ®q, Indf(V). This follows since

the G g-action on B is Qp-linear, i.e.
g(Ab) @ (A1 f)(9) = g(b) @ f(9).

Let g,g' € Gk be lifts of the same element in 'k, then ¢’ = gh for some h € Hg.
We have

D g )@ filg) =D ghlbi) @ filgh) = g(h(b:)) @ (hfi)(g) =D g(bi) @ filg
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where the last equality follows from the fact that > h(b;) @ hf; = Y. b; ® f; since
> b; ® f; is H-invariant.

We show that > g(b;) ® fi(g) indeed defines an element of D(V) for g € Gk. For
h € H;, C Hg we have

WY gbi) @ fi(9)) = Y hg(bi) @ h(fi(9)) = Y _(hg)(bs) ® fi(hg) =Y g(b:) & filg

since hg is also a lift of g. In the second equality we used that h(f;(g)) = fi(hg) since
fi € nd¥ (V).

It remains to show that g — > g(b;) ® fi(g) defines an element in Indgf (D(V)). Let
h €T and h alift of h in G. Then we have

> hg(bi) ® filhg) = hg(bs) @ h(fi(9)) = h(D>_ g(bi) ® filg

K is injective: It suffices to show that k has trivial kernel. But this is easy to prove
since if for all g € Gk, g(b)® f(g) = 0 we have either f =0 or g(b) =0 forall g € Gk
which implies b = 0. This implies that x is also injective.

k is a map of (p,'k)-modules: First, x commutes with the ¢-action since

w(Zwﬂ))(*:n(Z( ® f:)(g Zg ) ® fi(g)
=Y alg(b) ® filg) = Zb ® £:)(g
HZbi®fi
We show k is Bg-linear and I'k-equivariant. For a € Bi we have
(@D bi® f)(3 7/-$Zozb®fz Zgab ® fi(g))
—Zg D) @ filg) = g(@)(k(D_bi @ fi)(g
/-;me@fi

For v € 'k we have

O bi® f) ’—nZv ) ®7(fi) Zg ®f1m))
= k() _bi® fi)(77) Zb ® fi)

Using Remark 3.8.2 we can deduce that s is in fact a Bg-linear isomorphism.

For a free Z,-representation V, we analogously regard the map ~ for the p-adic

representation V ®z, Q, induced by
R :B®gz, Indf (V) — {f: Gk — Bz, V| f(hg) = h(f(g)) for all h € G}
b fr— (g > g(b) @ f(g)).

Note that g(b)® f(g) lies in A®z, V forall g € Gk ifand only if b@ f € A®z, Ind¥ (V).
Therefore, x induces an isomorphism of (p, I'k )-modules between Indll:’L‘ (D(V)) and
D(Ind¥ (V). O
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Corollary 3.8.4. Let L be a finite extension of K. If V is an overconvergent p-adic

representation (or a free Z,-adic representation) of G, then
nd"s (D (V) = D' (Indf (V).
Proof. We have
dimg; (Indpf (DY(V))) = BI : Bl [ :Tk] - dimg; (DY(V))
= [Loo : Koo] - [LN Ko ¢ K] ~dimeL(DT(V))
=[L:LNK,] - [LNK:K]- dimBTL(DT(V))
— 7, - . di il
=[L: K] dlmeL (D"(V))
— di i K
= dlmB}{ (D"(Indy, (V))).
where we used [B} : Bl] = [Lo. : K] from Proposition 3.6.13. We now see
that Ind?’; (DT(V)) and D'(Ind% (V)) are both B}(—vector spaces of maximal dimen-
sion inside Indll:f (D(V)) = D(Ind¥ (V). Further, s from Proposition 3.8.3 maps

D' (Indf (V)) into Indp* (DT(V)) since g — 3 g(b;) ® fi(g) is in Indp.<(D'(V)) if
b; € BY. We deduce that Ind.< (D' (V)) = DI (Ind (V). O

3.9 One-dimensional (¢, I')-modules

Let K = Q,. We want to study one-dimensional (¢, T")-modules over Eqg,. It turns

out that their structure is very simple to describe.

Let 6 : Gg, — F; be a continuous character. Since F, is abelian, ¢ factors
through Gf@i, the Galois group of the maximal abelian extension of @@, denoted by
ng. By local class field theory we know that

Q2 = QY - Qpos

where Q" is the maximal unramified abelian extension of Q. Since Q)" NQpoo = Q,
we deduce that G@"; =~ Gal(Q}"/Qp) xI'g, . Note that Gal(Q}"/Q,) = Gal(F5P /IF),) =
Z is topologically cyclic with canonical generator Frobg, .

Definition 3.9.1. Let ¢ : Gg, — [}, be a continuous character. We define M (0) =
Eq, ‘v to be a one-dimensional Eg, -vector space, equipped with a o-semilinear Frobe-

nius ¢ and I'g,-action given by

o(A-v) = U()\)(S(Frob@;) v

Since the vector space is one-dimensional, this indeed defines an étale (¢, I'g, )-module.
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Definition 3.9.2. Let 6 : Gg, — F;, be a continuous character. We define the mod
p representation F,(6), which is a one-dimensional Fp-vector space F,, - e with linear
Gq,-action given by g -e = 6(g)e.

Clearly, any one-dimensional IF,-representation is given by such a character since
GLy(Fp) = F.

Proposition 3.9.3. Let 0 : Gg, — F, be a continuous character. Then

Proof. We have D(F,(6)) = (E ®g, F,(5))"%. We can write every element of
E ®r, F,(6) as b ® e for some b € E and e a basis of F,(5). The Gg,-action is
then given by g(b® e) = g(b) @ g(e) = d(g9)g(b) ® e.

If we look at invariants under the action of Hg,, we find that D(F,()) con-
sists of elements b ® e such that b = d(h)h(b) for all h € Hg,. Since the Hg,-
action factors through Gal(Q3®/Que) = Gal(Qp'/Qp) it suffices to check that
b = 5(Fr0b@;)Frob@pl(b) where we view Frob@i € Ga}; such that Frob@j fixes
Qpoo-

Let us first assume the following lemma and prove it afterwards.

Lemma 3.9.4. There is a basis b ® e of D(F,,(d)), with b € E such that

Frobg ' (b)

d(Frobgq, )b
y(b) =b forall y € Tg,,
a(b) = 6(Frobg )b

Using this lemma we have that b ® e is a basis for D(F,(J)) with ¢-action given
by

pbe)=0cb)@e= 6(F‘rob@j)(b ®e)
and residual action of I'g, given by
Y(b®e) =7(b) ®@y(e) =61 (b@e)
Thus we have exactly the structure of M(9). O

Lemma 3.9.5. E contains ), and [P as subfields. For = € FyP C E we have that
the action of any lift Frobg, € Gg, of Frobg, € G?@Z is given by Frobg, (z) = 2P =

o(x), i.e. as the usual Frobenius action.

Proof. Clearly, any characteristic p field contains F,, as a subfield. Further, we con-

structed E as the separable closure of F;,((¢—1)) which therefore contains F;°. Recall
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that B = {(2©@, 2™ ) gD = 200 20) € O /(p)} with componentwise Go,
action. But since identify ;™ with sequences (2@, 20 ) with () € [P and
on F*P we have that any lift of Frobg, acts as the p-th power map, we deduce the
Lemma. O

Proof of Lemma 3.9.4. By Hilbert 90 we know that any H'(Gal(F5 /F,), F5*) = 0,
and this further tells us that any element a € F}, can be written as a = %Fp(b) = %

for some b € F3?P*. For a = 5(Fr0b@p1) we obtain b € F;*P* C E satisfying

Frobg (b) = 6(Frobg, )b
y(b) =b forall v € I'g,,

o(b) = 6(Frobg )b

where the second line follows since the Galois action of T'g, is trivial on F;** C E.

Also note that we used that since  is multiplicative we have 5(Fr0b@pl) = Wlb@p) .

Using the previous Lemma we find that b ®@ e € D(FF,,(9)) is a basis of the wanted

form, in particular, the first row implies it indeed defines an element of D(F,(5)). O

Corollary 3.9.6. All 1-dimensional étale (¢,I'g,)-modules over Eg, are given by
M (0) for some continuous character ¢ : G — F}.

Proof. This directly follows from the equivalence of categories between
mod p-representations of dimension 1 and étale (¢, I')-modules over Eq, of dimension
1. O
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Cohomology of (¢, [')-modules

Given the equivalence of categories it is a natural question to ask how Galois cohomol-
ogy translates into the category of (p, ' )-modules. We will see that a very explicit
complex of (p,T'k)-modules calculates precisely the Galois cohomology of the cor-
responding Galois representation. This explicit description, purely using the theory
of (¢, 'k )-modules, allows us to give alternative proofs for the Euler-Characteristic

formula and local Tate duality, following [Her98] and [Her01].

4.1 Cohomology of p-modules

Recall that E is a field of characteristic p and E a separable closure of E.

Proposition 4.1.1. For i > 0, H(Gg,,E ®g, V) = 0.

Proof. By (3.1) we have H(Gg,., E®p, V) = H'(Gg,, E®g, D(V)). Now the Gg, -
action on D(V) is trivial, therefore as a Gg,-module E ®g, D(V) is isomorphic to
@?:1 Ev; for vy,...,vq a basis of D(V) over Ex. The statement thus follows from
Hi(Gg,.,E) =0 for i > 0. O

We have the classic Artin-Schreier-sequence of Gg,-modules

0—F, -ELLE 0.

Let V be a IF)-representation of G'g, , then we can tensor the exact sequence with

V to get another short exact sequence

0—V —E:VELER, V — 0.
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From the long exact sequence of cohomology, using that H°(Gg, ,E®r, V) = (E®g,
V)¢Ex = D(V) we have

0 — H(Ggy,V) — D(V) £ D(V) — H' (Gry, V) — 0
where we used that H'(Gg,, E @, V) = 0. We directly deduce that

H°(GE,,V)=V%x =D(V)¥!
DY)
(¢ —1)(DV))

If we use that all higher cohomology groups vanish, we have derived the following

HY (Gg,,V) =

theorem, which is phrased in a more formal way:

Theorem 4.1.2 ([Her00], Theorem 2). Let M € ®Mg and let C*(M), denote the
following complex

Co*(M)y:0— M E5 M —0
For (H');en the cohomological functor we obtain a cohomological functor (H¢ :=
Hio Cg)ien from @M%K to the category of abelian groups.

Then the functor (H¢oD);cy from Repg, (GE, ) to the category of abelian groups
coincides with the Galois cohomology functor (H*(Ggy,-))ien-

For the case of free Z,-representations V' we can show a very similar statement.
Recall that A is a Cohen ring for E. The Artin-Schreier sequence lifts to a short

exact sequence of Gg,-modules
0 —7Z, — A LA 0.
Proceeding just as above we obtain
0—>V—>A®ZPV‘P—71>A®ZPV—>O.
and thus

H(Gg,,V)=Vx =D(V)#=!

D(V)
(p = 1HDV))
Example 4.1.3. We can verify part of Theorem 4.1.2 on a simple explicit example.
Let K = Q, and V = F,, with trivial Galois action. Then D(V') = (E ®p, ]FP)GE@;) =
Eq, = F,((m)). The p-action then becomes

Hl(GEK’V) =

p(m) = (1+m)P —1 =7

and trivial on the coefficients. We see that ¢ fixes only the coefficients, and thus we
obtain
HO(GE@pv‘/) = D(V)w:1 = FP'
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4.2 The Herr complex

This section closely follows Herr [Her98], who first introduced the description of Galois
cohomology using (¢, 'k )-modules. Since I'k is an open subgroup of Zy it is in

particular procyclic, and we fix a topological generator v of Ik for the entire chapter.
Let V be a Z,-representation of Gx. We have
H(Gk,V)=H'(Tg, H'(Hg,V)) = H' (T, D(V)?=) (4.1)
= D(V)#=1"" = D(V)e=to=t,
Rather surprisingly, the following very simple complex of (¢, T k)-modules M =

D(V) calculates the Galois cohomology of V. We will proceed to call this complex

the Herr complex.

0 M Mo M M 0
r ———— ((p— Dz, (v — 1))
(z,y) ——— (y—Da—(p—1)y

We can directly see by (4.1) that the 0-th cohomology group of the Herr complex
indeed coincides with the Galois cohomology of V. In order to show that also
higher cohomology groups agree, we will make use of the fact that in the category
Repg_iif)iete(G k) Galois cohomology is given as a derived functor.

Our goal for this section is to prove the following theorem:

Theorem 4.2.1 ([Her00], Theorem 4). Let M € (I’FMiff'tor and C¢ (M) denote

the follow complex

0 M M®M M 0

z ——— ((p— Dz, (y — a)
(z,y) ——— (v =Dz — (¢ -1y

For (H')ien the cohomological functor we obtain a functor (H* := H' o C} _)ien

from @FMif'tor to the category of abelian groups.
Then the functor (H’oD);en from Rep, 4, (G ) to the category of abelian groups

coincides with the Galois cohomology functor (H*(G,-))ien-

We introduce notation for v — 1 and ¢ — 1: For M € ®L My’ or CIJFMXIi‘ét’p'mr and
x € M let
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Remark 4.2.2. The Herr complex depends on the choice of 7. Let 7/ be another
topological generator of I',. We view M as a A[l'x]-module as seen in Proposition
2.4.4. By Remark 2.4.3 then :{Y,:ll is a well-defined homomorphism from M to itself.
We then obtain the following morphism of complexes

Co(M): 00— M — MoeM M 0
lo l = l 2 ®id Ld lo
Co (M) : 0 —M — MoM M 0

It is easy to see that the diagram commutes and also that 3,7_11 is an isomorphism
'Y/

. . —1 . . .. .
with inverse = Thus the diagram describes a quasi-isomorphism of complexes.

We now turn to the proof of Theorem 4.2.1. We will write
H, (M) == H'(CS ., (M)).

Definition 4.2.3. Let A, B be abelian categories. A §-functor from A to B is given
by the following data:

1. a collection T" : A — B, n > 0 of additive functors, and

2. for every short exact sequence 0 — A — B — C' — 0 of A a collection
§:T"(C) — T" 1 (A), n > 0 of morphisms of B.

such that

(i) for every short exact sequence as above we have a long exact sequence

0 — T°(A) — T°(B) — T°(C) 5 TH(A) —> ...

(ii) for every morphism (0 > A -+ B —-C —0) — (0 > A —» B - C' = 0) of
short exact sequences of A the diagrams

T (C) —2— T t1(A)

| |

T(C") —— T"+(A')
commute.

Definition 4.2.4. A functor F' : C — D between two abelian categories is called
effaceable if for every M in C and every x € F(M) there exists a monomorphism
u between M and some object N in C, such that F(u)(z) = 0 in F(N). We call a
d-functor (T™), >0 effaceable if T™ is effaceable for all n > 0.
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The following theorem from Grothendieck’s famous Téhoku paper will be our main

tool for proving Theorem 4.2.1.

Proposition 4.2.5 ([Gro57], Proposition 2.2.1). If C, D are abelian categories and C
has enough injectives, then every effaceable §-functor from C to D is universal.

Since we already know that the group cohomology functor H(G,-) is an ef-
faceable d-functor, it will now suffice to prove that our newly defined cohomological
functor of the Herr complex is also effaceable. However, in order to use Proposi-
tion 4.2.5 we first need to check that the cohomological functor H% indeed defines a
d-functor from @FMXIi'ét’p “or To see that, let

0—MIsNZspP 0

be a short exact sequence in @FMZi’ét’p “°f then we get maps of complexes

0 0 0
L
00— M -2 MoM 2 M —— 0
f J{(f,f) f

00— N -2, NogN Y3 N — 0

9 J{(mg) 9

0— P -2, ppp-L"yp__ 4

|

0 0 0

where we denote the maps from the complex C;ﬁ(~) by « and 3. Using some
basic homological algebra we can define the maps & : HJ(P) — H1(M) and
6+ HA(P) — H2(M) such that we have a long exact sequence in the cohomol-
ogy and also condition (ii) from Definition 4.2.3 is satisfied. In particular, the maps

are given by
So=[(f,f) P oanog™]
and

S1=[ftoBNnol(g.9) 7"

and we can show that they are well-defined on the cohomology groups of the com-

plexes. Using these maps we obtain our long exact sequence of cohomology

0 — HO(M) — HUN) — HOU(P) S HL(M) — HL(N) — ...

and also for a morphism of short exact sequences (0 > M - N - P —0) — (0 —
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M’ — N' — P" — 0) we get that

HO(P) —2 HL(M)

do
HO(P') —s 341 (1)

and
HL(P) —2 H2(M)
HL(P') —2s H2(M)
comimute.

Proof of 4.2.1. We see from 4.2.5 that if C has enough injectives, then for (7™),>¢
an effaceable delta functor, TP is left exact and T? is isomorphic to the i-th derived
functor R‘TY. We will work in the category @FMXli'ét’p O or Repjia*(Gk) since
it has enough injectives.

We already checked that H' o D agrees with H'(G,-) in degree zero. Further,
we know that H(Gk,-) is the right i-th derived functor of H°(Gk,-) and D is
an equivalence of categories, thus it suffices to show that H’ is effaceable for each
1 > 1. In fact, since we see that the functor is zero for higher degrees, it suffices
to show that H! is effaceable for i = 1,2. By definition, this means that for a
given M € @FMX‘i’ét’p'tor, for every x € HL (M) ((z,y) € HZ(M)) there exists an
N e @FMXIi'ét’p‘tor and a monomorphism u : M < N such that a(z) = 0 € H1(N)
(u(z,y) =0¢€ H%(N)), where @ denotes the induced maps on cohomology groups of
the Herr complex.

We will need the following Lemma:
Lemma 4.2.6 ([Her98|, Lemma 2.2). Let M be an element of @FMff‘mr and xz € M,

then there exists an element N, in @FMztI’(p'tor and an embedding M < N, such that
z € (¢ —1)Ny.

Proof. See [Her98], Lemma 2.2. O

For an inductive limit M = lim M; of objects in @I‘Mi}’f"tor and x € M, without
loss of generality x € My, let N be given by the lemma with M; for i > 0. We then
obtain a directed system (NO U ---U NZ);. Taking the inverse limit gives us some N,

in @FMzi'ét’p 9% with the same properties as in the lemma.

Let M € @FMX]i'ét’p'tor. i =2: For x € M, the previous discussion gives us N, in
@FMX’i’ét’p'tor and an embedding M < N, such that x € (¢ — 1)N,. But then we
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have that = maps to zero in H2(N,) since for some y € N, we have z = p(y) and

thus z is the image of (0, —y) under the boundary map (x,y) — 7(x) — p(y).

i=1: Now let (y,z) € M & M such that p(y) = 7(z). Let N, be given by Lemma
4.2.6 and let x € N, such that p(x) = y. Furthermore, since M is p-torsion, we can
choose s € N be such that

p’y=p°z=0.
Let R denote a free A /p°A g module with basis v and define N, . := N, @ R, with

semilinear actions given by

We see that

p(1(v)) = v+ 7(x) — 2) = P(v) + 7(x) — 2 = Y(p(v))

where we used that p(7(x) — z) =0, i.e. ¢ fixes 7(x) — 2. Further, (y — 1)(v) € N,
and the I'g-action is continuous on Ny, so we also have a continuous I'x-action on
Ny, -.

and the action of y is continuous on N, , so N,, . defines an element in (I)FMXli‘et’p tor,

By construction, we have an embedding M — N, .. Furthermore, we have y =

p(z —v) and z = 7(x — v). This means that (y,z) maps to zero in H!(N,..). O

If we now want to derive the statement for a general Z,-representation V', we can
use Corollary 2.3.11 which tells us that

HY (Gg,V) = @H%GK, V/p"V).

We now further want to show that for M an arbitrary (¢, 'x)-module over Ag we
have

Hi (M) = lim H (M/p" M)

Proposition 4.2.7. Let M be an étale (¢,I'x)-module over Ax and let M, :=
M /p"M. Then we have that (H’(M,))nen satisfies the Mittag-Leffler conditions for
1=0,1,2 and

M (M) = HmH: (M/p"M).

Proof. To ease notation let us denote

r— ((p— Dz, (v — 1)z)
By : M, @ M,, — M,

(z,y) — (v =Dz —(p—1)y

54



Chapter 4. Cohomology of (¢, T')-modules

and similarly

a:M— MM

z+— ((p— Dz, (v = D)z)
B:MoM— M

(@,y) — (v = Dz — (¢ — Dy.
We obtain a commutative diagram
M,

Qn Bn

0 M, M, & M, 0
1 |

0 My~ Moy @ Mygr — Mpyr —— 0 (4.2)
! ! !

0 M—e s MaM—2 M 0

We can directly note that ker(a) = @ker(an) and ker(f) = lim ker(3,,). Note that
the transition maps of (M, )nen are given by quotient maps and are thus surjective, in
particular, (M, )nen and (M, ® M, ) ey satisfy the Mittag-Leffler conditions. Further,
ker(ay,) = HY(Gg,V/p™V) for a Z,-representations V of G and H°(Gg,V/p"V)
satisfies the Mittag-Leffler conditions by Corollary 2.3.11 since it is an inverse system

of finite abelian groups.

Consider the short exact sequence of inverse systems
0 — (ker(ayn)) — (M) — (im(ay)) — 0. (4.3)

As (ker(ay,)) satisfies the Mittag-Leffler conditions, by Proposition 2.1.12 we obtain
the following short exact sequence

0 — ker(a) — M — Jim im(or, ) — 0.
so we can deduce that
im(a) = I'&Him(an)
and the same way that
im(g) = limim(8,).
Further, we have that since the transition maps of (M,,) are surjective, the short exact

sequence (4.3) implies that (im(w,)) also has surjective transition maps and satisfies
the Mittag-Leffler conditions. By applying Proposition 2.1.12 to

0 — (im(a,)) — (ker(8r)) — (ker(8,)/im(ay,)) — 0
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we obtain a short exact sequence
0 — im(a) — ker(f) — limker(8,)/im(ay,) — 0.

We deduce that
ker(8)/im(« Lker (Br)/im(cw,).

This suffices to show that the cohomology groups of the last row of the diagram (4.2)

are the inverse limits of the cohomology groups H;(Mn) O

Corollary 4.2.8. Let V be a Zp-representation of Gx. Then we have
H'(Gk,V) = H'(C; ,(D(V))).
Proof. This follows directly from our previous results via
H' (G, V) = lim H' (G, V/p"V) = lim H' (2, (D(V/p"V))) = H'(CL,(D(V)).

Note that we are using that

D(V/p"V) = (Ak @z, V/p"V)< =D(V)/p"D(V). 0
Corollary 4.2.9 ([Her98], Theorem A). Let V be a Z,-representation of Gx. Then
we have

H'(Gk,V)=0

for ¢ > 3.

Example 4.2.10. We can now use the Herr complex to partially re-derive the re-
sults from Example 2.3.8. For example, let K = Q, and consider the trivial mod p
representation V = F,. We have that D(V) = (A ®z, F,)" % = (E*P)He 2 F,((7))
and

p(m) =m
y(r) = (14 7)X —1

We first note that just like in Example 4.1.3, the only elements that are fixed under
¢ — 1 are the constant elements without m-terms. Since these are fixed under v, we
deduce

H0<GQP’FP) =T,

Further, we have already seen that HQ(GQP, F,) should be trivial, i.e., the map
D(V)aD(V) — D(V)

(z,y) — (v =1z —(p—1)y
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is surjective. Explicitly checking that is quite difficult, but we can easily verify that all
7" for n € Nlie in (y —1)D(V) — (¢ — 1)D(V). To see that, let z =37, " e Eq,

then we have
p(a) =D p(mpt =Y
k>0 k>0

and thus

(p—D@)=> """ =" = —n,

k>0 k>0

iLe, m€ (¢ —1)(D(V)). Similarly, for n € N, ,, = >3 77" we have (¢ — 1)(z) =

-7,

The dual representation given by V' = pu, corresponds to the (¢,T'k)-module
D(V) = (A ®z, pp)™ o = F,((7)) - v with actions

plv) = v

p(m) =P

Y(v) = x(v)-v
)

The only elements that are fixed under ¢ — 1 are the elements A - v for A € I, but

Y(A-v) = Ax(v) v

so they are not fixed under ~y, so we deduce

H°(Gg,,F,) = 0.

4.3 An explicit 1-cocycle

Let V' be a Zp-representation of Gx and let M = D(V'). Now that we have already
established that

H'(Gk,V)=H'(C;_ (D(V)))

on an abstract level, we want to further explore what this implies on a more explicit
level for i = 1. We closely follow [CC99].

HY(Cs,(D(V))): Set

Z(Cy (M) = ker((z,y) = (v = D) — (¢ = 1)y)
BY(C; (M) = im(z = ((¢ = Dz, (v = 1)z))
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as the 1-cocycles and 1-cocoundaries of the Herr complex. Then elements of
H'(Cg (D(V))) are given as

Z'(C3,(D(V))

H'(C? ,(D(V)) = BI(Cs,(D(V))

H'(GF, M): Recall that we also have an explicit description of the Galois cohomology
groups using a cochain complex. We have that

ZY Gk, M)

1 _
HAG M) =BG, at)y

where Z1 (G, M) are the 1-cocycles and B! (G, M) the 1-coboundaries of the cochain
complex of Gg.

Our goal is to establish an explicit isomorphism for V' a Z,-representation

Z'(C3,(D(V))) ~ Z'(Gxk,D(V))

Hl(C;ﬂ(D(V)) = B(Cs,(D(V)) - BY(Gg,D(V))

induced by a map

Z1(C; ,(D(V))) — Z' (G, D(V))

LR
(.’E, y) L Clz,y)-

By Remark 2.4.4 we can view D(V') as a A[l'x]-module, where A['k] is the Iwa-
sawa algebra of I'xy. By Remark 2.4.3 we see that for any o € 'k, % e Al'k],

thus, for y € D(V') we have z—jy e D(V).

Remark 4.3.1. Recall that 0 —1: A — A is surjective. This is part of the lifted
Artin-Schreier sequence. Then o —1: A®z, V — A®z, V,a®@v+— (0 —1)(a)®@v

is also surjective.

Proposition 4.3.2. Let (z,y) € Z'(C3_,(D(V))) and let b € A ®z, V satisfy (¢ —
1)b = z. Then the map

defines a 1-cocycle and

tor 1 Z1(C5,(D(V))) — Z1 (G, V)

() — Cay)

induces an isomorphism on cohomology.
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Proof. i, ~ is well-defined: By the previous discussion, we see that z;_}y € D(V) for

any g € Gg. Thus %y — (g — 1)bis an element of A ®z, V = A ®a, D(V) (see
(3.2)). To show it is in V we simply show it is invariant under ¢. Remember that
since (z,y) € Z'(Ce ., (D(V))), we have (y — 1)z = (¢ — 1)y.

(p—1) <§_19 —(9— 1)b> = Q@_ Dy —(g—1)(¢—1)b

=—@O-Dz—-(g- 1z

c(x,y) defines a cocycle: We have that for g,h € Gx

gh —1
Cay)(gh) = fou (gh —1)b
h— 1
— Y Yy (gh—g)b—(g— 1))

v—1 v—1
= 9C(z,y)(h) + C(z)(9)-

Maps from Gk to V that satisfy c¢(gh) = ge(h) 4+ ¢(g) are precisely the 1-cocycles

(so-called crossed homomorphisms).

Ly~ induces a group homomorphism on cohomology groups: First, it is clear that

coboundaries are being sent to coboundaries. We first show that ¢, , is indepen-
dent of choice of b. Indeed, if b and b both satisfy (¢ — 1)b = (¢ — 1)/ = = then
b—b €V. We then have

g—1 g—1 / /

I - — Ly (g1 =(g—1)(b—b

1Y (9—1) pog (g—1)b" = (g9 —1)( )
and g — (g — 1)(b — V') is an element of BY(Gg,V) (so-called principal crossed
homomorphisms). Now we can verify (z,y) — ¢(g,,) defines a group homomorphism
on cohomology groups. Let (z,y),(2',y') € Z'(C3,(D(V))) and b,V € A ®z, V
satisfying (¢ — 1)(b) = 2 and (¢ — 1)(b') = 2’ then

g—1

(C(ay) T Caryn)(9) = ﬁ( +y) = (- 1)+
and (¢ —1)(b+0") = x+a'. Therefore ¢, ) +C(zr ) and €544 1,y define the same
. ZYGx,V)
element 1n W

Ly~ 18 injective: Assume c(, ,y is a coboundary. Then there exists a z € V' such that
for all g € Gx we have c(, ,)(9) = (9 —1)(2), i.e., %y = (g —1)(b+ z), in particular
for all g € Hg

0=y = (g-D0+2)

s0 b+ z € (A ®z, V)#x = D(V). Furthermore, we have

y:%y=(v—1)(b+2)
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and (¢ — )b =z so (z,y) = ((¢ = 1)(b+2), (v = (b +2)) € BY(C ,(D(V))).

Ly~ is surjective: Let ¢ € HY(Gg,V) and let g — cg be a 1-cocycle representing c.
We define an extension V' of Z, by V as the direct sum of V' and a free Z, module
with generator e, i.e. V! =V & Z, - e, with Gg-action g(e) = e + ¢, and Gx-action
on V as defined by the representation. This is a well-defined group action since for
g,h, € Gk

(gh)(e) = e+ cgn =€+ gen + g
g(h(e)) = gle+cn) = e+cy+gen

where we used that cyn, = gcp, + ¢4 since g — ¢4 is a cocycle. We now have a short

exact sequence of Gx-modules
0—V—V 57,—0.
Next, we apply the functor D to obtain a short exact sequence of (¢, 'k )-modules
0—DV)—DV') L+ Ax — 0.

Let ¢ € D(V’) be a lift of 1 € Z, C Ag. Define v = (¢ —1)é € D(V’) and
y=(y—1)é € D(V’'). Note that x(z) = (¢ — 1)k(€) =0 and x(y) = (y — 1)k(€) =0
since ¢ and 'y act trivially on Z,. Therefore, =,y define elements in D(V) and
since ¢ and vy commute, (z,y) € Z'(Gk,V). Finally, b=¢é —e € A ®z V' satisfies

(p—1)b=(p—1)(é —e) =z since e € V' is fixed under Frobenius, so we have

Clay)(9) = %y —(g—1Db=(9—-1)é—(g—1)b=(9—1e=c,.

We deduce that ¢, - is surjective. O

4.4 The y-operator

We closely follow [Her98] and [CC98]. It is possible to define a one-sided inverse to
the Frobenius o, which will give an alternative version of the Herr complex.

Remark 4.4.1. The Frobenius o on A or Ay is the lift of the absolute Frobenius
on the non-perfect residue fields. We can see in the following paper [DK14] Remark
1.5 that o is injective but not bijective, since the residue fields are not perfect. We
can show that o¢(B) C B and ¢(Bg) C Bg are purely inseparable field extensions
of degree p. In both cases 1,[e],...,[]’~! defines a basis for B or Bx over ¢(B) or
o(Bk).

Definition 4.4.2. Define the -operator to be

v:B— B

la) = %o*mwm(w»

60



Chapter 4. Cohomology of (¢, T')-modules

Remark 4.4.3. We view B as a p-dimensional vector space over o(B). Then
Trg/o(B)(x) is simply the trace of the o(B)-linear map B — B, y ~— xy. We can
clearly see that for z € o(B) for any basis the matrix of y — xy is given by

T

T

so Trg /o (B)(x) = pr. Thus, we easily see that ¢ indeed defines a one-sided inverse to

o:
1 1
v(o@) = Zo (Trp/o(m)(0(2))) = Zo™ (plo())) ==
Remark 4.4.4. We can also give an explicit description of ¢ in the basis 1, [e], . . ., [e]P~!

defines a basis for B over ¢(B). For an element © = o +z1[e] + - - - +z,p—1[e]P~! with

x; € 0(B), we see that the matrix of the linear map y — xy has the form

o $p,1[6}p N (El[G]p
T i)
Tp—1le]”
Tp—1 . T i)

using that [e]” = o([¢]) € o(B). Thus Trg /s m)(zo + z1[e] + -+ - + 2p—1[]P~1) = pao.
We deduce the formula

_ 1 _ _
ot aafed oo apaald”™) = Do (Trpjom) (2o +aafd o+ @poald”™)
= 0'_1 (.’Ko) .
The y-operator commutes with the action of Gx on A. Therefore, a®v — ¥ (a)@v
defines an operator on any D(V') for any Z,-representation V. Thus by the equivalence

of categories, on any (p, 'k )-module over A there exists an additive, surjective

operator
=9y M —M
that satisfies
Ya(ap(n)) =p(a)r, a€Ag, €M
Yu(o(a)z) = ap(z), a€ Ak, z€ M.

In particular, we have ¥,; o ¢ = idp; and v is surjective. We will generally just write
’g/} for 1/}1\/[
The next lemma states that v — 1 is invertible on the kernel of the i-operator. This

result is in fact very deep, and requires a lot of work to prove.
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Lemma 4.4.5. Let V be a p-torsion representation of G, then y—1: D(V)¥=0 —
D(V)¥=0 is bijective.

Proof. Since the proof is extremely long, see Appendix A. O

The goal of this section is to show the following proposition.

Proposition 4.4.6 ([Her98], Prop.4.1). Let M be a p-torsion (¢, 'k )-module over
Ak and let Cj, (M) denote the follow complex

0 M MoM M 0

@ (¥ = D, (y = 1)z)

(#,y) ——— (v =Dz =¥ -1y

Furthermore, let f: M & M — M @& M denote the map (z,y) — (—t(x),y). Then

the morphism of complexes

ce (M) 0—— M — MaoM M 0
[0 ] | [ o
Cy (M) 00— M — MoeM M 0

is a quasi-isomorphism.

In particular, if M = D(V) for some representation V', the cohomology of the
complex Cj, _ (M) also calculates the Galois cohomology of V.

Proof. The commutativity of the diagram follows directly from the fact that ¥ o =
id]vj. Now

B':O—>0—>ker(¢)€aoi>ker(w)—>0

defines a subcomplex of Cg, ., (M) since

B* 0 —— 0 —— ker(¢p) 0 —— ker(¢p)) —— 0 —— ...
J{O 0 lincl lincl J{O
ce (M) 0 M MaoM M 0

commutes. Therefore, we can look at the quotient complex C3, . (M)/B*

M M
O—>M—>W@M—>m—>0.
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We now get a commutative diagram

] o . M M
Cap,'y (M)/B . 0 M ker(v) © M ker(v)) 0
N N S S
cs. (M) : 0 M Mo M M 0

where the vertical maps are all isomorphisms since v is surjective. This shows that
we have an isomorphism from C¢ ., (M)/B* to Cj, _ (M). It remains to show that B* is

acylic, which follows since v — 1 : ker¢p — ker ¢ is bijective (see Lemma 4.4.5). O

4.5 FEuler-Characteristic Formula

The goal of this section is to use (¢,I'x)-modules and the explicit descriptions of
the Galois cohomology groups to prove the following theorem, known as the Euler-

Characteristic formula.

Theorem 4.5.1 ([Her98], Theorem B). Let V be a p-torsion representation of G .
Then H'(Gg,V) are finite and

_ #H(Gk, V) -#H*(Gk,V) (ke
x(V) = #H'(Gg,V) =P

where ((V) is the length of V' as a Z,-module.

By passing to the inverse limit we obtain:

Corollary 4.5.2. Let V be a free Z,representation of Gx. Then H'(G,V) are
finitely generated and

x(V) :=rank H°(Gg,V) —rank H(Gk,V) +rank H*(Gg,V) = —[K : Q,Jrank V'

where rank denotes the rank as a Z,-module.

4.5.1 The filtration associated to C},
We introduce some properties of the complex C:Wy that will help us prove the Euler-
Characteristic formula for (¢, T k)-modules. Let M be a p-torsion (¢, 'k )-module.
We regard a filtration of the complex CJW:
Cy(M)=C'(M)D>CHM)DC*M)DC¥M)
where
CY (M) : 0 — M¥=2 225 M=t 0 — 0,
C2(M): 0 — M#=1 225 A=t 50— 0,

C3(M):0—0—0—...
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Note that M¥=! > M¥=! since if ¢(z) = z then 1 (z) = ¥(p(x)) = . We also define
the grading
gr'C(M) = C'(M)/C™ (M)

for i € {0,1,2}. For M =D(V), M¥=! = (A®y, V)Hrx#=1 = VHx  Therefore,
gr’C(M) = C3(M) : 0 — VK 2 vl 00

Furthermore

grlC(M) : 0 —s MY=L/M#=1 T MY Mt 0 0
and
gr®C(M) : 0 — M/MY=Y 2= M & M/M¥=' — M — 0

Lemma 4.5.3 ([Her98], Lemma 4.2). The complex gr’C(M) is quasi-isomorphic to

M -1 M
(v —1)M (Y —1)M

0—0— — 0 —0.

Proof. This is the quotient complex of gr’C(M) and the subcomplex
M M
0— o —@W-DMe o — @ -1)M —0—0.
It remains to show this complex is acyclic, which is fairly straightforward.

Degree zero: We show that

M M
e

z— (¢ =Dz, (v = 1)z)
is injective. But this is clear since if z is fixed by ¢ then by definition 2 € M¥=!.
Degree one: Let (z,y) € (v — 1)M & 35 with (y — 1)z = (¢ — 1)y. Since z €
(¢ — 1)M, there exists z € M such that (p — 1)z = x. Then we also have that
(Y= —1)z=(p—yie, (y— 1)z —y € M¥=!. Thus in the quotient L+

Mw:l )
(y—1)z and y represent the same element. It follows that ((¢»—1)z, (y—1)z) = (z,y)

in (¢ = )M & g7y=r.

Degree two: Finally, the map

(¢_1)M@#—>(¢_1)M

(z,y) — (v =Dz — (v = 1)y

is clearly surjective since for y € (v — 1)M with (¢ — 1)z = y we have (0, —z) maps
to y. O
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To simplify notation, let H*(I'sc, N) denote the cohomology groups of the complex
0—NIHN-—0-—0.
In particular, H*(C*(M)) = H (T, M¥=1) and H*(C?*(M)) = H' (T, M¥=1).
Theorem 4.5.4 ([Her98], Theorem 4.3). For all i € N we have
() Hi(gi°C(M)) = Hi} (T, 2h)

(i) Hi(gr'c(M)) = H'(Tk, (p — 1)(M¥=1)) and in particular H*(gr'C(M)) = {0}
fori#1

(iii) H(gr’C(M)) = H (T, M?=') = H (T, VHr)
The filtration gives us

HI(M) D H (Tg, MY=") > H' (T, M?=1)

with
HI(M) i 0 H (T g, M¥=1) 1

——— — —H"' C(M d - <~ = H' C(M)).

HZ(]:‘K, szl) (gr ( )) an HZ(FK, M@zl) (gr ( ))
Proof. Everything is obvious except (ii). For (ii) note that ¢—1 induces a I' x-invariant
isomorphism

M=t
1 - _ p=1
D R ]
So we have a quasi-isomorphism
MY=1 v—1 MY=1
0 A Moz 0 0

o [

0 —— (p— (M=) 225 (o — 1)(MY=1) —— 0 —— 0.

Finally note that (¢ —1)(M¥=1) C ker(¢) and we already know that v — 1 is injective
on ker(1)) (see Lemma 4.4.5), which implies H*(gr'C(M)) = {0} for i # 1. O

4.5.2 Proof of the Euler-Characteristic Formula

For the proof we need two more lemmas, that are proved in [Her98].

Lemma 4.5.5 ([Her98], Proposition 3.6). Let M € ®T' ML """, Then =R
finite.

Lemma 4.5.6 ([Her98], Cor. 3.11). Let M = D(V) € <I>I‘Mzt;f'tor. Let ¢(M) =
(p—1)MY¥= = (p—1)M Nker(z)) then % is a finite group of order plF:@l¢(V)
where ((V) is the length of V' as a Z,-module.
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Proof of Theorem 4.5.1. We make heavy use of Theorem 4.5.4. Also note that if N
is a finite I'g-module and H* (', N) as before denote the cohomology groups of

0—N2ZLHN—0—0

we have

(i) H(Tg,N) =0 for i ¢ {0,1}

(ii) #H°(T'k,N) = #H'(T'k, N) and both are finite.

Both statements follow directly from basic group theory.

Let M = D(V). We know that H(gr’C(M)) and H* (T g, M¥=') = H!(['g, VHK)
WD 1)M (by Lemma 4.5.5) and V% are finite and H'(gr'C(M)) are
finite by Lemma 4.5.6. Using Theorem 4.5.4 we can directly deduce that H!(M) are
finite.

are finite since

‘We now have

#HO(G,V)-#H*(Gg,V)
#H'(Gk,V))
_ #HOUM) - #H2 (M)
#H (M)
_ #HO(grOC(M))#HO (T, MY=Y) - 3 Hz(grOC( D#H* (T, M¥=")
#H (gr'C(M))#H" (L', MY=1)
W) #H (T, MP7") - $# H?(gr°C(M)))
#H (gr°C(M))#H (T, M¥=1)
@ #HO(Dge, M¥=1)
#HY(T g, M¥=1)
@) #H(gr'C(M))#H (T, M?~")
#H (gr'C(M))#H' (D, M#=1)
&) 1
- #H(gr'C(M))
© KV

x(V) =

where we used
(1) #HO(gr%C(M)) and H?(T g, M¥=1) are trivial

(2) #H (M) = #H (O i) = 0, i) = #H (er'C(M)
using Theorem 4.5.4 (i) and that (w_l)M is finite

(3) % = H'(gr'C(M)) for i = 0,1 by Theorem 4.5.4

(4) H(Tg,M?=') = H'(Tg,VHx) and VHE is finite thus #H°(Tgx, M=) =
#HY (T g, M#=1), further, #H°(gr'C(M)) is trivial.
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_ Pp=1 c ..
(5) #H'(gr'C(M))) = (ﬁ/_(‘f)(;)_]\f)szl = (77§])LZ()M) by Theorem 4.5.4 (ii). The
statement then follows directly from Lemma 4.5.6. O

4.6 Local Tate Duality

The goal of the section is to prove the following theorem using (¢, T k)-modules.
For the entire section, we fix a topological generator v, and by writing H* we mean
the cohomological functor of the Herr complex with the chosen «. In order to ease
notation we will only present the proof of local Tate duality for the case K = K,
however, the proof works almost analogously for K a possibly ramified extension (see
[Her01]). For the rest of the section, always assume K = Kj. Note that if K = K,
then Ko, will the same residue field as K.

Theorem 4.6.1 ([Her98|, Theorem C). Let V be a p-torsion representation of G g

and let V*(1) = Hom(V, ppe< ). Then there is a canonical isomorphism
H2(GKaﬂp°") = Qp/Zyp.
Further, for 0 <1 < 2, the cup-product
H'(Gg, V) x H*7 Gk, V*(1)) — H*(Gk. piy=) = Qp/Z,
is a perfect pairing.
First, we want to find an explicit description for the cup-product in terms of

(¢, Tk )-modules. To do so, we first need a description of the tensor-product in the
category of @PMxli_ét’p tor,

Definition 4.6.2. Let M, N € @FMKi’ét’p‘mr. We define a tensor product in the
category @FMEi‘ét’p‘tor, given as M ®a, N with diagonal 'k and ¢-action.

We also define Homa . (M, N) € @FMX‘i’ét’p'tor with
PHoma . (M,N) () (prr(m)) = on (f(m)) (4.4)
() (v(m)) = ~(f(m)).

for f € Homa, (M, N). Note that since M is étale, ppr(M) generates M over Ay
and thus the formula determines Yrom, , (M, n(f) € Homa . (M, N) uniquely.

Lemma 4.6.3 ([Her01], Proposition 3.5). Let V, W be two p-torsion representations
of Gx. The natural maps

D(V) ©@a, D(W) — D(V @5, W) (4.5)
HOHIAK (D(V), D(W)) — D(HomZP(V, W))

are isomorphisms of (¢, 'kx)-modules over Ag.
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Proposition 4.6.4 ([Her01]). Let (M, par) and (N, @) be objects in @FMX’i’ét’p'tor.
Let T denote the cohomology class of an element x. Then we find the following

description of the cup-product

(i) HO(M) x HO(N) — H(M @4, N)
(r,y)— 2y
(ii) HO(M) x HY(N) — H' (M @4, N)
(@, (y,2)) — (@ y,2® 2)
(iii) HY (M) x HO(N) — HY(M @4, N)
((y,2),2) — (y® 2,2 @ )
(iv) HO(M) x H}(N) — (M @Ak N)
(x,9) —
(v) H2(M) x HO(N) — H ( @ax N)
@Ty)r—z®y
(vi) HY (M) x HY(N) — H*(M @4, N)
)

((z,y), (a,0)) — y @ y(a) =z @ en (D)

Proof. We only show that the given maps are indeed well-defined. For the verification
that these maps fulfil the characteristic properties of the cup-product, as given in
Proposition 2.1.14, we refer to [Her01] Proposition 4.4.

(i) For x € HY(M), y € HI(N) we have
T(@@y) =7() ©v(y) +r@7(y) =0
and

pren(@Yy) = pu(r) @ on(y) + 2@ pN(y) =0

thus z ® y indeed defines an element in #9(M ®a, N). Bi-additivity is clear
from the formula.

(i) Let 2 € HY (M), (y,z) € HL(N).
We show(z @ y, z @ z) defines an element in 7} (M ®4, N): We have
T(z ®y) — puen (T ® 2)
=7(@) @) +z@7(Y) = (o () ® on(2) + 2 @ pn(2))

=z @7(y) = (z@pn(2))
=0.

It is clear from the formula that the pairing is bi-additive.
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Now let 2 € HI (M) and y € N. We show (z, (p(y), 7(y)) gets mapped to zero in
HI(M  ®a, N): Since ~v(x) = x and

om(x) = x, we have

plrRy)=em(T)Rpn(y) — 2Ry =1Rp(y) =
plr@y)=7)@v(y) —z0y="1(TUY).
(iii) Entirely analogous to (ii).

(iv) For © € HY(M), y € N a 2-coboundary, i.e. satisfying y = 7(z) — p(2') for
2,7 € N, we have

r@y=1(r®2) - plr®2)
S0 T ® y is again a 2-coboundary.

(v) Entirely analogous to (iv). The bi-additivity of the pairing follows directly from
the bi-additivity of the tensor-product and the additivity of v and @x.

Let (x,y) € H}(M) and a € N. We show ((z,y), (p(a), 7(a))) maps to zero:
y®@7(p(a)) =z @¢n(T(a)) = (y —2) © pn(v(a)) =y @(a) + 2 @ pn(a)
if we now use that y — z = ¢ (y) — v(x) we get

(em(y) —7(@) @ pn(v(a)) —y ®@7(a) + = @ pn(a)
=T1(x®pn(a)) — puen(y @ v(a)).

Let (a,b) € H)(N) and « € N. Finally, we show ((p(x),7(x)), (a,b)) maps to

m(z) @7y(a) = p(z) @ e (b) = v(z ® a) — puen(z @ b) + 2@ (pn(b) —(a))
using b — a = pn(b) — v(a) we get
Yz ®a)— pmen(zRb)+2® (b—a)

=7(x®a)— pugn(x D). O

Since the proof of local Tate duality is very long, we will give a vague proof sketch
first.

Sketch of proof of Theorem 4.6.1. Let V be a p-torsion representation of G and
M = D(V). For convenience, we also fix a topological generator v of I'. How-
ever, under the isomorphism described in Remark 4.2.2 the constructed maps will

coincide.

69



Chapter 4. Cohomology of (¢, T')-modules

1. We introduce the module of differential 1-forms Q} over A which is a free
rank one A x-module generated by dr. Then we show that we can equip Q}
with the structure of a (¢, 'k )-module and show it is isomorphic to D(Z,(1)).
We further define the residue map satisfying Res((}_, ¢ anm")dm) = a_;.

2. We establish the Tate isomorphism
Tic : H3(Qk) — Qp/Z,

which is induced by the map TRy = Trg,q, o Res. We further define M =
Homp , (M, E—i @A, Q) such that D(V) = M where V = Homgz,, (V, ppe). It
remains now to show that

i —i( 7
H (M) x HTH(M) = H () = Qp/Zy
defines a perfect pairing.

3. We establish an isomorphism between M and the Pontryagin dual MY =
Homgz, .(M,Qp/Z,) of M. We then construct an explicit isomorphism between
HL(MY) = [H27(M)]" using Alexander-Pontryagin-Duality. Since this gives
an explicit pairing, we can directly check that these formulas coincide under
isomorphism with the cup-product formulas from Proposition 4.6.4 composed

with Tgk. O

4.6.1 Differential forms

Definition 4.6.5. Let Dera, denote the category consisting of pairs (M, das), where
M is a finitely generated A g-module and dj; is a continuous Og-linear derivation
[XK74$ M.

We define (Ag, ) € Dera, by

% Z anpm" = Z(n + Daypm"”

nez nez
where a,, — 0 for n — —oo.

Given some (M,dps) € Dera, and A=>_ _-a,7" € Ax we have

nez

d

dy(A) = dM(Z anm € Ag) = Z?’Lanﬂ'n_ld]\/[(ﬂ') = %(

nez nez

AN)d s ()

by product rule, i.e., dps is determined by dys (7). Any two free rank one A g-modules
M, N with derivations dps, dy, such that the images of dy; and dy generate M and
N, are thus isomorphic via a Ag-linear map that sends dps(7) to dy (7). Up to

isomorphism we therefore have a unique free rank one A g-module with continuous
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derivation d, such that the image of d generates the module. We denote this module
by (Qk,d). Since by assumption dr generates Q) over Ay, we can write QL as

A gedm with elements of the form ), a,7™ - dn.

Definition 4.6.6. We call (Q},d) € Dera . the A x-module of continuous differential

forms of Ak over Og.

We define a residue map Res : Q}, — Ok by
Res(z apm" - dr) =a_;.
neZ
Fontaine shows in [Fon07] 2.2.3 that the residue map is surjective and independent of
choice of uniformizer . We can endow Q% with the structure of a (¢, Ik )-module
by setting

PO = 7(N) (o (p)

Y(Adp) = y(A)d(v(1))
for all A\, u € Ak, where o is the usual Frobenius on A .

Let Z,(1) denote the Z,-representation of Gk given by Hm pipn. A basis for Zp(1) is
given by € = (1,(p,(p2 ... ), where we have the structure of a Z,-module via a - € =
(1,¢, 1‘3‘2,...) = €* for a € Z,,.

Theorem 4.6.7 ([Her01], Theorem 3.7). Q) endowed with the structure of a (¢, T'x)-

module as described above is naturally isomorphic to D(Z,(1)).

We first prove the following lemma:

Lemma 4.6.8 ([Her01], Lemma 3.6). The A-linear map

kK 1 A®z, Zy(l) — A®a, Q

)\@6’—>)\®d[[5]

is an isomorphism of A-modules that does not depend on the choice of generator € of
Zyp(1).

Proof. The only thing we really need to show is that d[e] is a basis of Q). But
we know that dm = d([e] — 1) = d[e]. Therefore, px is an isomorphism and clearly

A-linear. Also note that ﬁ = Zizo(*ﬂ)i € A thus the map is well-defined.

Consider a different generator of Z,(1) given by ¢ = ¢* for o € Zy, which essen-
tially means we choose different compatible p’-th roots of unity ¢,:. Defining

Ky 1 A®z, Zy(l) — A®a, Qi
de']

AR —A®
(']
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we see that

Thus ki and K’ define the same map. O

If we equip Q}, with the G g-action given by

g(Adp) = g(N\)d(g(p))

we can see that kg is Gg-equivariant if we consider A ®a , Q}{ with diagonal G-

action.

Proof of Theorem 4.6.7. Using the G g-equivariant map kx we obtain
D(Z,(1)) = (A ®z, Z,(1))"* =5 (A @4, Q) & 0

where the second arrow is induced by the inclusion, using that Q. is indeed invariant
under action of Hg since Ak is invariant under Hg. Both arrows are therefore
I' x-equivariant.

Finally, we check that D(Z,(1)) and Q3 have equivalent Frobenius actions. If A\®e€ €
(A ®z, Zy(1))x then A € A since € is fixed under Hg. Then A ® € corresponds to

)\% € Q. under the mentioned isomorphisms. Furthermore, we have

pA@e)=0(A)@e

in D(Z,(1)), corresponding to a(/\)% € QL under the above isomorphisms. We

conclude by noting that

770i10 70()‘)1 €lP) = ZolelPdlel = o()\) =22
PO = o(3), o A7) = T Pl dld = o) 75

so the Frobenius actions correspond to each other under the isomorphisms.

Q
—~
S|
—_

We deduce that D(Z,(1)) and 2} are isomorphic as (o, 'k )-modules over Agx. O

4.6.2 The Tate-isomorphism

Definition 4.6.9. We define the Z,-linear map
TRk : Qf — Z,

given as the composition TR = Trg /g, © Res.
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Lemma 4.6.10 ([Her01], Lemma 5.1). For all w € Q} and v € T'x we have

TRk (y(w) —w) =0
TRk (¢(w) —w) =0

Proof. For the first one, notice that v commutes with the residue map since

YOO an™ - dr) = y(an)y(m)" - dy(w)

nez nez

and since 7(7) is another uniformizer and the residue map does not depend on the
choice of uniformizer we see that the residue is precisely y(a_1). Since v fixes Ok,
Trg/q,(v(a—1) —a—1) =0 for all a_; € Ok. The second statement follows similarly,
for details, check [Her(01], Lemma 5.1. O

We now introduce the Tate-isomorphism. First, let Q. := 1%7 which then
’ K

defines a p-torsion (p,I'k)-module over Ak corresponding to the p-torsion

Z,-representation p,». Reducing modulo p™ we obtain a map
TRy : Q. — Z/p" L.
Proposition 4.6.11. TRk, factors through
Qen/ (V=D (k) = (0 = D( Q) = HA(Qcn)-
Proof. Let x,y € Q. Then

TRin((v = 1)(@) = (¢ = 1)(y)) = TRk (v(2) — ) = TREn(p(y) —y) =0

by the previous Lemma. O

Therefore, we obtain a map
TR : H(Gre, pypn) = H2 Qe ) — Z/p" L.

Since direct limits preserve exact sequences, we have that the direct limit commutes
with our cohomological functor of the Herr complex, similar to Proposition 4.2.7. By

passing to the direct limit on both sides, we obtain a map
HQ(h_Hn Q}{;ﬂ) — Qp/Zyp.

Proposition 4.6.12. As elements of @FMXli'ét’p'tor, hgﬁ}{n = E—I; @ Q.

Proof. We have a I'g-equivariant A g-linear isomorphism
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which is also compatible with the Frobenius action since

*O’[L’l (e :Jxl €lP = o(x)[e]P~Lde
pai.  (zdle]) = of )pd( ([e])) = a( )pd[] (z)[€]" " dle]

gets mapped to
of@)[er!

T

o(w)

©dld = "2 @ o(x)[dP dle] =so<p—i®d[e]> =

Theorem 4.6.13 ([Her01], Theorem 5.2). For each n > 1 we have isomorphisms
TRk : H2 () — Z/p"Z.

Passing to the inductive limit gives us a map Tg, which is a natural isomorphism,
called Tate isomorphism,
Bk

Y21 1 _ qq2
Tic s H2(lm Q) = H (5

Dk W) — Qo/Zyp.

Proof. Tt suffices to show that
TRy : H2 () — Z/p"Z.

define group isomorphisms for all n € N. Since the residue map and the trace map
Trr/q, : Ok — Z, are surjective, we see that TR is surjective and thus TRk, is
surjective. It suffices now to show that the cardinality of 2 (Qj,,) = H*(Gx, jipn)

is precisely p™.

To see this, we use the Euler-Characteristic formula (Theorem 4.5.1). We first
calculate the cardinalities of HY(G g, ppn) and HY (G, ppn ). Clearly HY (G, ppn) is

trivial. We now use the Kummer sequence
0 — ppn — K* 25 K* — 0.

Together with H!(G, K*) = 0, from Hilbert 90, and the long exact sequence of
cohomology we get H' (G, pupn) = K*/(K*)P". From [Lan86] Chapter 2 Proposition
6 we know that |K*/(K*)P"| = p"lK:Ql+n for K an unramified extension of Q,. The
Euler-Characteristic then gives

KUV LHY (G, V)
H2 _ p K> —
G = ey

and we deduce that the TR g ,, are isomorphisms. Passing to the inductive limit yields

an isomorphism between 2 (hgl Q}(n) and Q,/Z,,.

Further note that this isomorphism does not depend on the choice of v in the
sense that for 4 another topological generator of I' under the quasi-isomorphism of
Herr complexes C¢, (M) and C3, ., (M) given in Remark 4.2.2, Tk is mapped to itself.
Indeed, the quasi-isomorphism in Remark 4.2.2 gives a map from 7—[3 (M) to 7’-[?Y,(M)7
that is simply induced by the identity map on M. O
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For a (¢, FK)—moElule M, let M = Homa . (M, %’;@AKQ}() and for a Z,-representation
V of Gk define V = Homgz, (V, j1p~). Now we see that

) o . Bx
D(pp) = @D(NP") = hgﬂ}(,n ~Ax DAk V-

n>1 n>1

Therefore we have

D(V) = D(Homg, (V, pp=)) = Homp . (D(V), D(pip>=))

B -
= Homa, (M, =X @4, QL) = M.
Ak

where we used (4.5) for the isomorphism. We can now translate the statement of Tate

duality into the context of (¢, T k)-modules.

. .~ . ~ . Tx
HE(M) x H2H (M) —— HI(M @a, M) — HL(BE @a, Q) = Q/Z,

! | !

Hi(Gx, V) x H (G, V) = HI(Gx,V @35, V) —— H (G, ppe) —2% Q,/2,
Remark 4.6.14. Recall that
TRk = Trg/q, o Res: Q% — Ly

and
TRin : Q. — Z/p"Z

is the map obtained by reduction modulo p. We will from now on abuse notation and

also denote the induced map

Br

A DAk Q}( — Q;D/ZP
K

@ TRk, :
by TRk . Note that this map factors through Hz(% ®a, Q}) and becomes the Tate
isomorphism. We specifically denote the Tate isomorphism, i.e., the induced map on

the second cohomology group, by
Tic : H(RE @ar ) — Qp/Zy.

4.6.3 Pontryagin Duality

Let M € @FMgf'tor and denote by M"Y := Homg, .(M,Q,/Z,) the continuous
homomorphisms from M to Q,/Z,. Since M is p-torsion and finitely generated over
A, since A} is a compact neighbourhood of 0 in Ak, we deduce M is locally
compact and MV is the Pontryagin dual of M.
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Lemma 4.6.15 ([Her01], Lemma 1.3). The map

Bx

TRk :
KAK

XA Q}( - QP/ZP

induces a group isomorphism between M = Homa . (M, % Ra, QL) and MY =
Homgz, (M, Qp/Zy).
Proof. We show that the map

. B
M = Homa . (M, =%
Ag

®a, Q) — MY = Homg, (M, Q,/Zy,)
fr—TRgof

defines an isomorphism of groups. Note that it is well-defined since any element of

Homa , (M, % @y ) is continuous and TR is also continuous and Z,-linear.

reduction to case of M a simple module: First note that Ak is a PID and i—i DAk
Q% is divisible as an A g-module since for all & € A g non-zero and x € % QA Q}{

Lz e 35 @a, Q. We know that every divisible module over a PID

we have
is injective, and in particular, Hom(—, ﬁ—i @A, QL) is an injective functor (from
modules over A g to modules over A ). Further, we know that taking the Pontryagin

dual is a left-exact functor. For a short exact sequence of elements in q)FMi“;f'tor
0—M —M-—M'—0

we now get the commutative diagram with exact rows

M M M’ 0
| | |
0 —— (M")Y MY (M")Y

The snake lemma now lets us deduce that the middle vertical arrow defines an iso-
morphism if the left and right vertical arrows do. By choosing M’ = pM and
M" = M/pM we can inductively reduce to the case where M has length one over
Ak, i.e. a one-dimensional Ak /(p) = Ex-vector space. By choosing a basis we can
assume M = Eg. Note that using the fact that Ex has characteristic p, we have

Bx
Ak
Ej = Homy, (Ex,Q,/Z,) = Homg, .(Ex,Fp)

Ex = Homa, (Ex, — ®a, Q) = Homg, (Ex, Q¢ /pQ)

where F,, carries the discrete topology.

the residue map induces a isomorphism: We show that

Homg, (Ex, U /pQ5) — Homy, .(Ex, k)
f—— Reso f
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defines an isomorphism of groups. Since im(f) is a one-dimensional Eg-vector space
we have that it necessarily contains some elements that is not in the kernel of the
residue map and we deduce injectivity of the map above. For surjectivity, let u €
Homy (Ek, k) and let @ = € — 1 be the class of 7 in Ex. Note that 7™ — 0 for
n — +oo. We define a, = u(7@") € F,, for all n € Z. By continuity «,, — 0 for
n — 400, but since F,, carries the discrete topology we have that there is a N € N
such that oo, = O0foralln > N. Letw = (3, y @—p_17™)dr € QL and let & denote
its class in Q% /pQL.. Now define f € HomE; (Eg, QL /pQL) be the Ex-linear map
satisfying f(1) = @. Then Reso f = u since Res(7"w) = .

the trace map induces an isomorphism: We show that

Homk’c(EK, k) — HOI’H[FP,C(EK, Fp)
f — Trk/]Fp o f

defines an isomorphism. Note that since K/Q), is unramified, the trace maps Try /Qp
and Tryr, correspond to each other modulo p. Injectivity follows since any non-zero
f € Homg, (Ex,Fp) is necessarily surjective and Trg g, is not the zero map. For
surjectivity, let v € Homp, .(Ef,[F,). Note that the trace map defines a symmetric

non-degenerate bilinearform, and thus a perfect pairing

(x,y) — Trysp, (2y)-

Therefore there exists an «, € k such that the linearform a — u(a7™) is equal
to a + Tryp, (apa). Define f € Homy (Ex, k) be the k-linear map satisfying
f(7") = apn. Then Try g, o f = u since Tryp, (f(a7™)) = Tryp, (ana) = u(azx™) for
all « € F, and n € N. O

Using the isomorphism, we can equip MY with the corresponding structure of
a (p,I'k)-module over Ak of M. Using the formulas for the I'x and @-action on
M = Homa , (M, i—’; RAk Q}() as seen in Definition 4.6.2 and the formulas in Lemma
4.6.10, we derive the following formulas for f € MV:

Af=f(\) for all A € Ak
Y(f)oy=f for all v € T'g (4.6)
omv(f)opm = f.

We know state Alexander-Pontryagin-Duality. Which will be our tool to relate ho-
mology groups of the Pontryagin dual to cohomology groups of the dual complex of
the Herr complex.

Definition 4.6.16. A continuous homomorphism f : G — G’ between two topo-
logical groups is called strict if the induced map f : G/ker(f) — G’ is a homeomor-
phism.
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Lemma 4.6.17 ([Her01], Lemma 5.6). Let C = (M*,d* : M* — M®t1);c; be a
cochain complex of locally compact Hausdorff abelian groups. Assume d’ are strict,

with closed image.

Then CV = (N; := M¥ d; :=' d*=' : N; — N;_1)iez is a chain complex of
locally compact separable abelian groups. The d; are strict with closed image and for

all 4 we have natural isomorphisms
H(CY) = H'(C)"
where both sides are locally compact separable abelian groups.

Remark 4.6.18. The isomorphisms in the previous lemma are natural in a way that
the class of f € ker(d;) C N; is being sent to precisely the class of the homomorphism
H(C) — Q,/Z, that sends x € ker(d") C M; to f(z).

Proposition 4.6.19. The complex C;W(M) satisfies the hypotheses of Lemma 4.6.17.

Proof. We know that continuous surjective homomorphisms between second count-
able, Hausdorff, locally compact groups are open maps. In particular, since M and
M & M are second countable, Hausdorff, locally compact, the boundary maps of
C;77(M ) are strict. It remains to show that the images of the boundary maps are

closed. We will make use of the following lemma.

Lemma 4.6.20 ([Her01], Lemma 5.7). Let M be a p-torsion (¢, Ik )-module over
Ajyx. Then M contains a compact neighbourhood L stable under ¢ such that p is

bijective on it. By compactness and Hausdorffness of L, p is a homeomorphism from
L to L.

Proof. Choose n > 1 such that p™ - M = 0. Note that o(7) = #P mod p so since
p" - M = 0 we have 0(7rp"71) = 77" mod p™. Let eq,...,eq be a system of generators
of M over Ag. Let a;; be such that

plei) =Y aije;.
4,
Recall that the open neighbourhood of Ak are given by ﬂpnflA; + p"Ak. Choose
s > 0 large enough such that for all 4, j
ma;; € anflAJ[( +p"Axk

Further, choose r € N such that p"~1(p — 1)r > s. Then we have

P Te) = o(x?" Npler) = 7Y age; = (a0 @ Va ) m" e (4.7)
J

J

78



Chapter 4. Cohomology of (¢, T')-modules

Let

and L be the sub—A}—module generated by the f;’s. We see that L is a compact
neighbourhood of 0, since A} is a compact neighbourhood of 0, and further, by
(4.7), L is stable under ¢. We now show that for all x € L

lim ¢"(z) = 0.

T—00

For x =, x;fi € L, we have

o)=Y al@) O (@ Ve ) =S (N o(a) (@ @V ) £

% J J %

We deduce that ¢(z) € 77" L and by semi-linearity o(x?" L) ¢ 7P ' [ for
all t € N. Thus lim, e ¢"(z) = 0 and >, -,(—¢)"(z) converges in L. We deduce
that p is invertible on L with inverse given by

n>0

We deduce that the image of p contains an open neighbourhood of 0 and thus
Im(p) — Im(7) is an open and therefore closed subgroup of M. Finally the subgroup,

C={(p(2),7(2)) | = € M}

is closed since if (p(zn), 7(2y)) with x,, € M converges to 0 then we see that p(z,)
converges to 0 in M. Since p is a homeomorphism onto some neighbourhood of 0
this implies x, converges to 0 in M. This shows that any convergence sequence
(p(xy), 7(xy)) converges to (p(x),7(x)) for some x € M and thus C is closed. O

We deduce that by Lemma 4.6.17
Hi([Cg , (M)]Y) = H'(C, (M)
Recall that we defined a one-sided inverse to the Frobenius, denoted by .
Lemma 4.6.21. Let M € @FMil’f'tor then the operator ;v satisfies
Yuv (f) o = f.
In other words, ¥ (f) = fooum.
Proof. Since ¥psv is uniquely characterized as the additive operator satisfying
Uuv (anrv (f)) = ¢(a) f
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for all f € MY and a € Ak it suffices to show that ¥ : f — f o oy satisfies
the equation. To that end, recall that we obtained the (¢, i)-structure of MY
from M under the isomorphism induced by TRg. Since M is p-torsion, we have
MY = Homg, (M,Z/p"Z) for some n and we have that the isomorphism induced by
TR is given by
M = Homa , (M, ,,) — Homg, (M, Z/p"Z)
g — TRkrnog.
Fix f € MY and let g € Homa, (M, Qj ) such that TRk , 0 g = f. We have

U(apnrv (f))(m) = (¢(a) f)(m)

)
= (apmv (f) opar)(m) = f(p(a)m)
= ouv(f)(aprm(m)) = f(Y(a)m)
= ouv(TRi,n 0 9)(apn(m)) = (TRi  © g)(¥(a)m)
= (TRk.n © @7(9)(apr(m)) = (TRk » 0 g)(¢(a)m)

< TRin(apay  (9(m))) = TRk n(P(a)g(m))
where we repeatedly used the formulas (4.6). Now since
Yai (avqy  (9(m))) = ¢(a)g(m)
it suffices to show that
TRk (Yo (W) —w) =0
for all w € Q.. Write
w=pa (Yar (W) +(w—=ray (Yo (w)))

where w — @1 (1/19}{’ (w)) € ker(wg}{’ ). Since v — 1 is bijective on ker(d)g}{’ ) we
can write w = @g}(yn(%}m (w)) + (v — 1)z where z € ker(wﬂ}m). We conclude by
noting that

TRi (Yo, (w) —w) = TREn(Yay (W) —@ar (Yor (W) + (v —1)z)
= TRin(Vay (W) —@ar (bo1 (W) +TRin(y(z) —2)

K,n
=0

by the formulas in Lemma 4.6.10. [

We define a slightly modified complex to the one in section 5.4. Let C"W_l(MV)
denote the follow complex

0 — MV MY e MY MY

fre—— (" =Df,(L=duv)f)

(9.h) ————— (v —Dg+ (v 1 =1)h
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Lemma 4.6.22 ([Her01], 5.8). Let
F-MYeoMY — MYeMY
(9. h) — (=7~ (h), ¥arv(9))
and
Fy: MY — MY
fr—= =" otuv(f)

then the morphism of complexes

Co(MY): 0 MY MY oMY MY 0
[
Cle (M) 0 MY MY oMY MY 0

is a quasi-isomorphism. We will denote the induced isomorphisms on cohomology

groups by Fj.

Proof. Since the F; are surjective, we can see that C’f; o is isomorphic to the quotient

complex of C¢, , and the kernel of the morphism of complexes, given by

0 — 0 — ker(¢arv ) & 0 2= ker(yhav ) — 0.

Using Lemma 4.4.5, i.e. the fact that v is bijective on ker(ipsv), we see that this

complex is acyclic, and we are done. O

Definition 4.6.23. We define the natural isomorphisms
vo=14d: MY — MV
v MY oMY — (Mo M)
(g,h)— g h
vy =id: MY — MV
Remark 4.6.24. We can see that v; is indeed an isomorphism since for any

¢ € (M®M)Y, we have vi(¢(z,0),$(0,y)) = ¢(z,y). In particular, every element in
(M @& M)V can be written as g ® h for g,h € MV.

We can show that v; induces isomorphisms between the cohomology groups
Hi(C:;77,1(MV)) and the homology groups Ha—;([C3 ., (M)]") of the dual complex
of C (M) (as described in Lemma 4.6.17) for i € {0,1,2}. To see that, note that

the following diagram commutes

F (7 =D (=) f (g:h)—=(hprv —Dg+(y " =1)h
e oy o ) RO g e G

lo lm:id lm lvz:id
s ()Y 0 —— MV (MaeMY 1\(4V N

—
frrfo(y=1)@fo(1—y) g®h—go(p—1)+ho(y—1)
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Chapter 4. Cohomology of (¢, T')-modules

using that v~ 1(f) = fo~ and ¥y (f) = f o p. We will denote the isomorphisms

induced on cohomology groups by ;.

For i € {0,1,2} we thus obtain canonical isomorphisms

wi(M) : Hl(MV)—>H1(CM_1(MV))E>H2,Z-([C°

o (M) = [HET (M)

where the last arrow is the isomorphism from Alexander-Pontryagin Duality, i.e. The-
orem 4.6.17. This defines the following perfect pairing

HE (M) x H2THMY) — Qp/Zy (4.8)
(@,y) — [ua—i(M)(y)](x)

Using the definitions of F; and v; for ¢ = 0,1,2 we can deduce the following

proposition.
Proposition 4.6.25. The pairing (4.8) is given by the following explicit formulas:

HY(M) x HE(MY) — Qp/Zy
f(z)
(M) x HA(MY) — Qp/Z, (4.9)

(M)

(z, f) —

(M)

((z,9), (9, 0)) — g(em(y)) — h(v(x))
)
) —

H2(M) x HY(MY) — Qp/Zy

@, f f(z)

Proof. (i) For z € HO(M) and f € H2(M") we have
[uz(M)(F)l(2) = =y~ o barv (f)(2) = f(7 0 par(2)) = f(2)
since @y and 7 both fix .
(ii) For (x,y) € HY(M), (g,h) € H(M") we have

(v =Dz = (em —1)(y)
(v=1)g = (emv —1)(h)

and applying v~ ! o 1arv to both sides we get

dav (1 =~"1)g) =711 = Yarv)(h)
so we see that

[u1 (M) (g, B)](z,y) = =y~ (h)(x) + ¥y (9)(y)
=g9(pm(y)) — h(y(x)).
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(iii) For z € H2(M) and f € HI (M) we have
[uo (M) (f)](x) = f(x). O

It remains to verify that these formulas indeed coincide with the cup-product under

compositions with the isomorphism TR : M —» MV and the Tate isomorphism 7.

Following Lemma 4.6.4 we can find the following formulas for the pairing

H (M) x H2TH(M) — Qp/Z, (4.10)
(z,y) — Tk [z Uy

where we view x Uy € Hz(%’; A Q}{) under isomorphism M® M E—f; ®A Q}(:
HO(M) x HA(M) — Q,/Z,
z, [) — Ti[f(2)]
HY (M) x HY (M) — Q,/Z, (4.11)

Note that for the second formula we used Proposition 2.1.15 to see that

(z,9) U(g,h) = =(9,h) U (2,y) = —h @ 7(2) + g @ prm(y)
since we have the natural isomorphisms M ® M = RE @a, Qe = M ® M.

Proposition 4.6.26. Using the explicit formulas, the pairings (4.8) and (4.10) coin-
cide under compositions with the isomorphism TRy : M — MV. In particular, the

pairing

HE(M) x HY~H(M) — Qp/Z,

is a perfect pairing.

Proof. We note that this statement is equivalent to saying the following diagram

commutes

HE (M) x HE (M) ———— H2(BE @4, Q)

(id, (TR0 )® (D)) Tic

/HZW(M) X Hi_"(MV) )QP/ZP

(z,y)= [uz—i (M) (y)|(x
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Chapter 4. Cohomology of (¢, T')-modules

Recall that TR : f—i Qa, U — Q,/Z, precisely induces the Tate-isomorphsim
Tk on cohomology. Therefore, using the explicit formulas (4.9) and (4.11), this is
trivial to see.

O

84



Appendix A

A.1 Proof of Lemma 4.4.5

We want to show the following theorem.

Lemma A.1.1. For V a p-torsion representation of G v — 1 : D(V)¥=0 —
D(V)¥=0 is bijective.

In order to prove this, we will first prove the statement for overconvergent rep-
resentations and then deduce it for p-torsion representations. The main property of
overconvergent representations that we will use is that the AI are complete with re-
spect to the m-adic and the o(7)-adic topology. The proof reduces the general case
to the case of the trivial Z,-representation. The main difficulty of the proof will be
showing the surjectivity of v — 1 on DT(V), which we will show by constructing a

contraction with respect to the m-adic topology which will have a fixed point.

Theorem A.1.2 ([CC98], Theorem I1.3.2). If V is a overconvergent Z,-representation

and 7 is a topological generator of I'yr, then v — 1 admits a continuous inverse on
DT (V)¥=0.

Remark A.1.3. The t-operator is well-defined on DT(V), i.e., it sends B to BT
since o(B") ¢ BT and for z € BT we have Tre/oB)(z) = Trgt/,gt)(z) since in
particular 1, [e],. .., [e]?~! still also forms a basis of B /o(BT).

We begin by showing the injectivity of v — 1 on the kernel of ¥. Then, we prove the
theorem for the case of the trivial overconvergent Z,-representation for K = Ky, and
afterwards show how to reduce the general case to the trivial case. Finally, we show

how to deduce that statement for mod p representation.

The injectivity of v — 1

Lemma A.1.4 ([CC98], Lemma 1.3.1). Let K be a finite extension of Q, and ~y be

an element of infinite order of I'y. Then B“’K:1 C Koo N K}Y* and in particular, B;:l
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is a finite extension of Kj.

Proposition A.1.5 ([CC98], Lemma I.5.1). Let v be an element of infinite order of
I'x and V a free Z,-representation of Gx. Then v — 1 is injective on D(V)¥=0.

Proof. Let V' = V ®z, Q, then we know that D(V’) is a finite-dimensional Bg-
vector space and D(V’)7=" a finite-dimensional B} ' vector space. By Lemma A.1.4
D(V’)7=! is a finite-dimensional Ky-vector space and since ¢ is an injective Ko-linear
map from D(V’)?=1 to D(V/)Y=! it is in particular surjective. Let z € D(V')7=1 N
D(V')¥=0 then x = p(y) for some y € D(V')7=! s0 0 = ¥(x) = ¥(p(y)) = y thus
also z = 0. In particular, v — 1 is also injective on D(V)¥=0. O

Remark A.1.6. Note that this in particular also shows injectivity of v —1 on DT(V)

for V' an overconvergent representation.

Corollary A.1.7. Let v be an element of infinite order of I'xy and V' a p-torsion
representation of Gx. Then « — 1 is injective on D(V)¥=0.

Proof. For V alength one module over Z,, i.e. a one-dimensional [F)-vector space, the
same argumentation holds when replacing B with Ex. In particular, D(V)7"1is a
finite-dimensional vector space over k and ¢ : D(V)7=! — D(V)7=! is surjective.

It remains to show that for a p-torsion representation V' we can reduce to the
case of V having length one over Z,, i.e., D(V) having length one over Ag. For
M,M' M" c @FMth'tor and a short sequence of (¢, T i )-modules

0— M —M-—M—0

we can deduce, since v is surjective and commutes with maps of (p, 'k )-modules,
that
0 — ker(¢prr) — ker(¢pr) — ker(¢pn) — 0

is also exact. Since the maps of the sequence are I'x-equivariant we can directly
deduce the injectivity of 7 on ker(¢ys) from the injectivity of 7 on ker(i¢ps) and
ker(pr). We can therefore assume D(V') has length one over A g, by for a given M
for example choosing M’ = pM and M"” = M/pM and proceeding inductively. O

The case of V being the trivial representation

Proposition A.1.8 ([CC98], I1.5.1). If m > 1 and ~,, is a generator of I'x,,, and
r > (p—1)p™ ', then 7, = v, — 1 induces a bijection of cp(w)“(ALKOWZO onto
ga(w)a”m_l(Ai,Ko)w:O for all a € Z.

Proof. We have already showed injectivity but we can also directly deduce it from

the fact that A}ggzl = Ok, by Lemma A.1.4. Now o acts bijective from O, onto
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Ok,, thus we have that ¢ is non-zero on O, and thus A}(mozl N Aﬁjg = {0} or in
other words, 7,, is injective on A}@fo.

Since 7y, is a generator of 'k, we have that -,, acts trivially on (,: for 1 <

i < p— 1 and non-trivially on (,m thus we can see that x(vym,) = 1 + p™u for some

u € Z% and x(ym) — 1 = p™u. Recall that 1,[¢],. .., [e]’~" forms a basis of By, over
o(Bk,) and ¥(zg + - + [e]P"tz,_1) = 07 (x0) for x; € 0(Ak,). This implies that
we can write every element z € A}p(jo as z = f;ll [€]‘z; with z; € 0(Ak,). Define

=0 =0
fm : A}/’(O — A‘f(0 via

fm(;[e]izz') =- ZH”]
and using () = [ X0m) = [ [P we get
2) = iwem —z= 'fij[er[e]ﬂ”wzi) 2
and thus
F(7m(2)) = m(ié[ PPy (22)) = Fm(2)

pzu

:_Z p iU +Z p’”zu

p zu p 7.uz + [ ]p niuzi
== Z mzu + Z [e}p ‘iU
p—1

- el T (23)
=z-> [ EERT

i=1

The rest of the proof will follow from the next lemmas. The goal is to show that
fm(Tm(2)) — z is small with respect to the o(m)-adic topology and note that A}@:O is
complete for that topology. O

Lemma A.1.9. (i) Ifa€Zjandr > (p— 1)p™~1 then [ell;p:fl and [6(] o —L are

o +
units in AT’ Ko

(ii) fr > (p— 1)p™~" then “=lr) € " 14T .

Proof. (i) We have that

o) _

p p
P ;+...+7rp—1
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is in A;—LKO using Lemma 3.6.10 since (p—1)v,(p)+i > 0forall 0 <i <p—1.
Further, it is a unit in AL—l,KO by Lemma 3.6.2. We now see that

[ =1 o™(x)  o™(m) o™ imP  o(mP"
TP qp™ gmel(gp) gm2(qp)P P
_ _m—1 O—(ﬂ—) L am—2 O—(ﬂ—) D, .. O—(ﬂ-) pmt
= o (D)) g Ty (T
is also a unit in A‘gpfl)pm*l,l(o' Further, for a € Z;, we have that

is invertible in A'}}O and thus also a unit in Azrp_l)pm,l’ Ko To conclude we have
that
[P —1 [P -1 "
o [P —1 [ —1
[P —1 B [l —1 " 7P )pm—l
o(mypm=t o(m)

"

are units in A(pfl)pm_%KO.

(ii) For k = 1 we have

Tin() = Ym([e] = 1) = (Ie] = 1) = [([]”"* ~ 1)

[P —1 m

— o™ P AT
=" [e] T cm A(P—l)p’"*RKo
where we used part (i) in the last equation. We deduce that

TmT(ﬂ) e P —1AT For k > 1 we have

(p—1)pm~1,Ko*

1 () ()

j=1

T (%) p™—1 AT
thus we see €T A(p—1)pm—1,K0'

Corollary A.1.10. If r > (p — 1)p™~! and a € Z we have

m

—1
Trm (WGAI,KO) C motP AI7KO

Proof. We know 7, is continuous, 7r“+pm_1AI’ K, is complete with respect to the 7-

adic topology and X := WaAi,KD N Ok, [, 2] is dense in W“ALKO. It now suffices
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to check that 7,,(X) C 7Ta+pm71AivK0. Let n = [r], then X = mOf,[r, £]. X is
generated over O, by e; ; = m*T(L)J for i, j € N. Then

T

Tm(,n.a+i7jn)

7ra+i—jn

1

Tin(€i,g) = PP T (mOF7I0) = pIwatizan = ey wi

where z; ; € AI K, using Lemma A.1.9 (ii). Since ¢; ; € WGAI_KO, we have 7,,(e; ;) €
7T“+pm_1AI’ Kk, Which shows the corollary. O

Corollary A.1.11. If r > (p— 1)p™ ! and z € U(W)Q(AI’KO)wZO then

2~ fu(Tm(2)) € o(m) et E=DP" TSI (AT o0

Proof. We can write z of the form z = Y7 ![e]'o(2;) with 2; € ﬂ“A;_lr K, and thus
Tm () € 7Ta+p’”—1Alflr}K0 by Lemma A.1.9, part (ii). Thus we can write
p—1 p—1
_ i T (0(2:)) N i Tm (%)
2= fn(rm(2)) = ;[e] T ;[4 o)
—pmiliu
Recall that v := Hﬂ% is a unit in A;_lr Ko by Lemma A.1.9, and write
S (i3
Z = fm(Tm(Z)> = Z[e]la< 7:;77le 'U).
i=1

We conclude wusing that o(r.(z)) € a(w)““’mflAI,Ko and thus
U(Tm(Zi)) c a(w)“JFPm*l*pm_lAiyKO - U(W)H(pfl)pm‘lflAiﬂKo. ]

ﬂ_pmfl

Proof of Proposition A.1.8. We now finish the proof of surjectivity of
m—1

T 2 o (m) (AL ()P0 — o(m) P (AT )P0

Let x € U(W)“‘“’mfl(Ai}Ko)w:O. We want to find y € o(w)“(AI’KO)ﬁ’:O such that

Tm(y) = x. Using that f,, is injective, this is equivalent to the function
92 (y) =y = frn (T (y) — 2)
having a fixed point in U(?T)“(AI,KO)“’”ZO. We first show that g, defines a map

g0 2 o(m) (A 1 )V=0 — o(m)" (Al 4,) "=

Since z € o (m)*" (ALKO)“’:O we can write z = Y7~ [e]’x; with z; € 0(71')"“‘1’7"71AI,KO7
~ N 5 LS oo At
and using that v := ()T is a unit in AT’K0 we have

p—1 p—1 p—1

I3 lel'ai) = = Sl T = DMl o € o) (AL,
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Now we have that

gz(y) =Yy—- fm(Tm(y) - {L') =Yy—- fm(Tm(y)) - fm(x)

where y — fin(Tin(y)) € o(m)* 00PN AL )P0 and fin () € o(m) (A] 1, )P=".
Thus g.(y) € o(ﬂ')a(AL KOWZO. Finally, we show that g, defines a contraction with
respect to the o(w)-adic topology. We have that for y,y" € O’(’iT)a(Ai’Ko)w:O with
y—y €o(m)(A] )"

9o (W) = 9o (0) =y =¥ + (f (T (¥ — 1)) € o(m)P+ =D LAT 0=0,

by Lemma A.1.11, so with respect to the o(m)-adic topology, g, is a contraction.
We finish the proof by noting that U(W)“(Ai,KO)wZO is complete with respect to the
o(m)-adic topology, since AL K, 18 and ¥ is continuous, therefore, g, must have a fixed
point in U(W)“(A;KO)“”:O. O

The case of V being a general representation

We begin by showing that we can reduce to the case K = K.
Lemma A.1.12. Let V be a free overconvergent Z,-representation of G and let «y
be a generator of Gk, such that v™ is a generator of Gx. Then if 7,,, = ™ — 1 is
invertible on D' (Ind% (V))¥=0, then 7, is invertible on DT(V)¥=0,
Proof. First, note that by Corollary 3.8.4 we have
r
D (Ind° (V) = Ind .2 (D (V).

There is a surjective continuous map of (¢, I'k, )-modules that commutes with ) given
by

k- Indp (D (V) — D (V)
fr— fQ).

Indeed, we have that v(f)(1) = f(v) = v(f(1)) and ¢(f)(1) = ©(f(1)) by definition of
Indll:io (DT(V)). The map is surjective since we can define a map of (¢, g, )-modules

L: DI(V) — Indp* (DF(V))

g(x), forgelg
T g
0, otherwise

such that k o+ =id. We now have a commutative diagram

Ind“ (Df(V))#=0 —= Df(1)»=0

l‘rm JT"L

Ind“ (Df(V))#=0 —= Df(1)»=0
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which shows the surjectivity of 7, on DT(V) and the injectivity follows from Propo-
sition A.1.5. O

Proposition A.1.13. Let v be a generator of I'x and V' a free overconvergent Z,-
representation of Gk, then 7 = v — 1 admits a continuous inverse on DT(V)‘l’zo7
denoted by 71 : DT(V)¥=0 — DT(V)¥=0. More precisely, there exists ¢(K,V) € N
and r(K,V) € R, such that for all r > r(K,V) and a € Z we have

T (@DI(V)Y=0) ¢ (r e VID] (V)=

Proof. Using the previous lemma, we can assume that K = K| by if necessary replac-
ing V with Ind%° (V) and we will show that 4/ — 1 admits a continuous inverse for f
large enough. Since for any k | f this also implies invertibility of ¥ — 1 we are able
to apply the previous lemma. In particular, we have that the invertibility of v — 1

follows from the invertibility of v/ — 1 via
= (=) = Ay T
Let d = rank(V). By definition of overconvergent representation, we can find
generators eq,...,eq of D(V) over Ak, and ro € R such that e; € DIO (V) for
0 < i < d. We choose 7y such that rg > pTTl.

For g € ' let U, be the matrix the g-action with respect to the basis ey, ..., eq,
then

'y — GLd(Aio,KO)

g— U,

is a continuous group homomorphism. By continuity there exists a m € N such that
g € I'k,,, implies Uy € 1 +772Md(A:0,K0)' If f=[Kom : Ko] we can take 7, := v/
as a generator of 'k, . Note also that any g € I'koy, satisfies x(vm) € 1 + p™Z,.
Since we may view V' as a representation of G,,, we can now replace K by Ky, and
v by Ym. From now on we therefore assume we are in the following situation: v is a
generator of ', U = U, € 1+7T2Md(Aio,Ko)7 x(7v) € 14+p™Z, and m = v, (x () —1).
Further set ¢ = p™~!. Our goal is to show that 7 = v — 1 admits a continuous inverse
on D(V)¥=0.

Since

o¥ () oF(m), P k-

O_(ﬂ_)pk—l - k (

is a unit ATk for r > 1 we see that
phr, Ko

k—1
oF(mAl i) Colmy AL

for r > 1. If we now replace ej,...,eq by ¢™(e1),...,¢™(eq) we can assume
e1,...,eq4 € o(D(V)). Then we see that U changes to ¢™(U), where the o-action
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is considered componentwise and with replacing rg by p™ry with see that our new
Uel+ U(W)2pm_lMd(AiO K,) €1+ a(w)C“Md(AiO K,)- Also note that now

ro > p™ 1(p — 1) because we originally chose 7 satisfying ro > pTTl.

From now on, let » > ry and let D, denote the sub—Ai, k,-module of D(V) gen-
erated by e1,...,e4. In summary, we have reduced to the case where we have a
basis ey,...,eq of D(V) over Ak, with e; € DIO(V) N p(D(V)). Further, since
Uel+ 0(7T)C+1Md(AZO,KO), we have 7(e;) € o(m)“™D,, for 0 <i <d.

Lemma A.1.14. An element x = E?:l r;e; € D, is in D?.’ZO if and only if z; €
(Al )P=0for 0 < i < d.

Proof. Since ¢ is injective we have that ¢(x) = 0 if and only if p(¢(x)) = 0. Since
e; € p(D(V)) we have p(1(e;)) = e; and

d
(@) = p((Y_wie)) =Y o(h(x))e;
i=1 i=1
and thus ¢(x) = 0 if and only if ¢(x;) = 0 for 0 < i < d. O

Proposition A.1.15. 7 induces a bijection
7:0(m)DY=0 — g(m)rteDY=0

for all » > rg and a € Z.

Proof. Let 7 > rg and a € Z. Write z = E?:l zie; € U(W)GD:Z.}:O then z; €
O’(?T)GAI . and
0,10

d d

d
T(Z zi€;) = ZT(Zi)ei + ZV(%)T(@)~

i=1 i=1 1=

We see that by Lemma A.1.10 that 7(z;) € o(7)?t*D¥=" and we established 7(e;) €
o(m)HDY=0, Further, ~(z;) € 7(‘7(77))aAi0,K0 C a(w)“AlmKO since
y(m) =1 +7)xM —1¢ ’/TA;F(O. Thus we see that

7(o(m)*DY=0) C o(n)*tDY=0,

The injectivity of ~ follows from the injectivity of v on D(V)¥=° (see Lemma A.1.5).

We show the surjectivity of 7 using the same technique as in Lemma A.1.10. For
z = Zle zie; € o(m)*tDY= we have z; € U(”)GJFC(AIO,KOWZO by the previous
lemma. Recall that 7 : U(W)Q(AIO’KO)wZO — 0(W)“+C(AIO’KO)1/’:O is invertible by
Proposition A.1.8.
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Define

d
f(z) = 27_1(21)61
then f is injective and we have
d d
2= f(r(2)) =2 - f(z 7(zi)e; + ZV(%)T(%)) = —f(ZV(Zi)T(ei))-

For z € o(m)’D,., using that 7(e;) € o(7)*T'D, and v(z;) € J(W)b(AimKo)wzo that
v(z)7(e;) € o(m)PTet1D,.. We then see that z — f(7(2)) € o (7)1 D¥=°. Completely
analogous to before, we can once again see that the function g.(y) =y — f(7(y) — 2)
defines a contraction on o(7)*D?Y=" with respect to the o(r)-adic topology. First,
for z € o(7)***D¥Y=, g, indeed defines a function from o (7)*DY=" — ¢ (7)*DY=".
Further, from above we see that for y,7’ € o(7)*DY=° with y — 3’ € o(7)’DY=° we
have
9:W) —9:(0) =y —y' — f(r(y —¢)) € o(n)* D}

s0 g, defines a contraction. But a(7r)“le:0 is complete with regard to the o(m)-adic

topology, since D,. is and % is continuous, so g, must have a fixed point. O

Now choose generators vy, ...,vq for V over Z,. Note that since D(V) = (A ®z,
V)Hr any element z € DIU(V) can also be written as x = Zle x;(1 ® v;) with
T; € Aio. We will write v; for 1 ® v; from now on. By (3.2) we have

A©a,DV) S Aw, V

S0 e1,...,eq generate A ®z, V over A. In particular, if we let M be the case change
matrix from vy,...,v4 to e1,...,eq we have M € GL4(A). Further M € Md(AiO)
since ¢; € DI (V) and thus M € My(Af ) N GL4(A). Using the formula M~! =
det(M)~'adj(M) we can find that M ~! must have coefficients in the fraction field
of A:[O so in particular in BY and thus M~! € GL4(B') N GL4(A) = GLg(AT).
By definition of AT there exists some r; > 7o and some b € N such that M~! €
TP My(AL).

As before, we can write any element x € DII (V)asz = Z?:l xhv; with o} € A:[l.
Changing the base to e; using M~ we then get z = 2?21 x;e; with z; € W_bAil
since M~1 € ﬂ_bMd(Ail). Since e; are fixed under Hg, so are the z; and thus
x; € w*bAihKO C U(W)’bAIhKO. Recall that D, is the sub—AivKO—rnodule generated
by e1,...,eq. We deduce that for r > ry

o(n)lx = Za(ﬂ')bxiei €D,

i=1
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and thus
o(7)’DI(V) c D, c DI(V). (A1)
We can now see that 7 : Df(V)¥=0 — DT(V)¥=0 is surjective. Every element in

D'(V)¥=0 lies in some (7~ 7*D}(V))¥=0 C o(n)~*DI(V)¥=0 for a € N and r > 7.
Now Lemma A.1.15 states that

7 o(m) DY — o) tDYE0

is bijective, and since o(7)~*D}(V)¥=0 C o(7)"*"*D¥=° we can deduce surjectivity
of 7. Recall that we already showed injectivity of 7 on D(V)¥=? in Lemma A.1.5 so
we can now denote the inverse of 7 by 7= : DT(V)¥=0 — DT(V)¥=0.

Finally, we can also see using Lemma A.1.15 that for a € Z we have
7 o(n)* DY) € o(n)* b D0,
thus we deduce using the inclusions (A.1) that

77 o(m)*DIV)?=) C a(m) " DI(V) V.

If we now use the fact that 0752) is a unit in AI, K, We can deduce the desired statement
with (K, V) =ry and ¢(K, V) = p(b+c+1). In particular, this implies the continuity
of 771 O

We can now also deduce a statement about the invertibility of v — 1 for p-torsion
representations. We do that by reducing to the case of a length one Z,-module, i.e.,

a one-dimensional mod p representation.

Corollary A.1.16. Let v be a generator of ' and V' a p-torsion representation.
Then ~ — 1 is invertible on D(V)¥=°.

Proof. Precisely as before, we can reduce to the case K = Kj by if necessary consid-
ering the representation Indk° (V).

We can deduce the statement for a one-dimensional mod p representations by
using the same proof as for free Z, representations. Alternatively, we can use that

for a free Z, representation V' the following diagram commutes since v fixes p:

Df(V)¥=0 —=— DY(v)»=

| |

DI (V/pV)¥=" —— DY(V/pV)¥=°

where the vertical maps are induced by the projection V' — V/pV and are in particular

surjective. Since for a one-dimensional mod p representation W we can define a free
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rank one Zj,-representation V' such that W = V/pV, we deduce from the diagram that
T is surjective on DT(W)wZO. The injectivity of 7 is Corollary A.1.7. Finally, note
that for W a mod p representation, we have DT (W) = D(W) since Ax/pAx C A}{
and therefore Ay /pAg = A;{/pATK.

Like before, we can show that for a p-torsion representation V' we can reduce to
the case of V' having length one over Z,, i.e., D(V') having length one over Ag. For
M,M',M" € (I)I’Miff'tor and a short sequence of (¢, T k)-modules

0— M —M-—M"—0

we can deduce, since v is surjective and commutes with maps of (p, 'k )-modules,
that
0 — ker(¢pr ) — ker(vpr) — ker(¢pr) — 0.

Since the maps of the sequence are I'i-equivariant we can directly deduce the bijec-
tivity of 7 on ker(eps) from the bijectivity of 7 on ker(eps/) and ker(yps). We can
therefore assume D(V') has length one over Ag. O
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